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1. HAM SO
1.1. Cuc tri cia ham s6
a. Ham bac 3:
Vidul:HamsS y= f(X) c6 f'(X)=x(x—=1*(x+1)° cé bao nhiéu ciec tri
Al B.2 C.3 D.O

Huéng dan: f'(X) =0 c6 3 nghiém nhung khong d6i dadu qua nghiém x =1 vi day la
nghiém bdi chdn. Vay f '(X) doi ddu qua hai nghiém con lai nén ham s8 c6 2 cyc tri.
Vidu 2: Ham s8 y = x> —X c6 bao nhiéu cuc tri

A.0 B.1 C.2 D.3
Huwéng dan: TXD: R

: 2-3Yx

Jé T 75 _ A o\ 7 A 1 A 7 7 A 9 2 \ X 2 7
Coy'= 3 X3 -1= Era Bay gio ta xét dau y' can lwu y xét dau ca tir va mau ctia no.

A oA 2 2 \ 8 \ oA 2 X \ A?e A 2 .7 . \
Thay nghiém cua tirla X = >7 vanghiém cua mau X=0 va y' d6i ddu qua ca 2 gia tri nay.
Du y' khong xac dinh tai X =0 nhung ham s6 van cac dinh tai 0 nén day van la cuec tri nhé!

Vidu 3: Tim m déhams6 y = x> —mx® +(m—-1)x+5 dat ceec dai tai Xx=1

A.m=2 B.m=-2 C.m>2 D.med
ST <O o o y'@=0 m=2

Huwdong dan: DGi v6i ham bac 3, ham s6 dat cuc daitai X=1 < &
y"@) <0 m>3

Smed

Vi du 4: Tim diéu kién cia M dé€ham s y = x> —mx* + (M+1)X—m+4 cé cuec tri
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3+\/ﬁ
<mc< C.m> D. m<

2
2 2 ol B I A1 2 2

3-421 3-421 . m> 3+421 3_421

A.

Huéng dan: C6 y'= 3x? —2mx+m+1. Ham s6 ¢é cuc tri < y' ¢6 hai nghiém phan biét

3+\/ﬁ
2
3-/21

2

m >

SA'>0 ©em’-3m-3>0 <
m <

) [N M 7 . .7 . B A1 N A 1 7 . .
Vi du 5: Biét rang ¢ hai gia tri chia m déham s y = 3 x* —mx® +(M+2)Xx+5 c6 hai cuc tri
X, X, thoa man X7 + X2 =26 1a m, va m,. Gid trj ctia |m1 - m2| bang:

g B.Z C.1 D2
2 2 2

Huéng dan: C6 y'= X2 —2mx+m+2. Ham s6 c6 hai cwec tri thi diéu kién1a m>—=m—-2>0
(cte d& day!). C6 X2 + X2 = 26 & (X% + %, ) —2%X, =26 < 4m? —2(m+2)=26

m=s3 11
<4m*-2m-30=0 < 5 . Vay |m —m,|=

m= 2
2

Vi dy 6: Choham s y=2x°+ax* —12x—13. Tim a d€ d6 thi ham s& c6 cue dai, cuc tidu

sao cho chung cach déu truc tung.
A.a>0 B.a=0 C.a=2 D.aed

Hudéng dan: Goi hai diém cuec tri ctia ¢6 thi ham s&'1a A, B . Khi d6, A, B cach déu Oy khi
AB song song v6i Oy (loai) hodc Oy di qua trung di€m cua AB.

Co y'=6%x"+2ax—12 cé hai nghiém phan biét véi moi a nén ham so6 ludén co6 2 cuc tri.
o . NS N o mA 1 A o a ..
Trung diém I ctia AB la diém uodn ctia d6 thinén giai y"=0 < X, = e biém1I € Oy

<X =0 <a=0.
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Vidu 7: ChohamsG y = x® — g mx’ + % m®. Tim tAt ca cac gia tricaa m d€ d6 thi ham so ¢
cac diém cuc dai, cuc ti€u d6i xting nhau qua duong thang d: y = X.
A. me{0;++/2} B. me{+2} C.m=+2 D.med
Hudng dan: Ta c6 thé kiém tra diéu kién c6 cuc tri sau.
Goi A, B la 2 diém cuc tri ctia d6 thi ham s6, A va B d6i xiing qua d <> hai diéu kién sau
cung thoa man:

+d di qua trung di€ém cua AB, do d6 di qua di€ém udn I ctia d6 thi ham s6.

+d L AB < k;.k,; =—1 (tich hé s8 gdc)

3

SR m. m AT s \
Giai y"=0 tim duoc toa d6 diém udn | (E ; T) . Thay toa do I vao phuong trinh duong d ta

m m* |m=0()
dvoc —=— & ) .
2 4 m®=2
m>_ m’ ,
Lay f(X) chiacho f'(X) duocdu la: Ty X+ S Vay duong thang qua 2 diém cuec tri la

m> md

y 2 2

2
N m
pitukiénd L AB < —7.1=—1 oSm=2

Vay m=++/2 thoa man ca hai diéu kién. Kiém tra diéu kién c6 2 nghiém phan biét ctia y' 1a
m =0 dwoc thoa man.
Vi du 8: Tim m d€ d6 thi ham s& y = x* —3x* + M*X +m ¢6 cac diém cuc dai, cuc tidu ddi

xtng nhau qua duong thang x—2y-5=0.

A{mzo B. m=0 C.m=-1 D.med
m=—1

Huéng dan:

Goi A, B la 2 diém cuc tri ctia d6 thi ham s6, A va B d6i xting qua d < hai diéu kién sau
cung thoa man:

Trang 3



ThS. Luc Tri Tuyén — Béi dudng KT va LTPH — Cau Gidy — Ho Tung Mdu PT: 0972177717

+d di qua trung diém cua AB, do d6 di qua di€ém udn I ctia d6 thi ham s6.

+d L AB < Kk, .K,g =—1 (tich hé s6 goc)

Giai y"=0 tim duoc toa d6 diém udn (L, m*+m-2). Thay toa d6 I vao phuwong trinh
m=0

duong d ta duoc —2m° —2m=0 @{ L
m=—

Lay f(X) chia cho f'(X) duocdula: (% m? — 2) X+ % m’ +m . Vay duong thang qua 2 diém
cuctrila y =(§m2 —2)x+%m2 +m

biéu kiénd L AB @(gmz—ZJ. =-1 &m*=0

N |-

Vay m=0 thoa man ca hai diéu kién. Kiém tra diéu kién c6 2 nghiém phan biét cua y' khi

M =0 duoc thod man.

Vi du 9: Ttr bang bién thién sau, hay chi ra s6 cyc tri cia ham s6

—2 0 1 +20

X
f'@ ] - ¥
() , v

A.2 B.1 C.0 D.3

Hudng dan: Tl bang bién thién thay f '(x) d6i ddu qua X =0 va x =1 nhung ham s& chi

xdc dinh tai X=0 nén ham s0 c6 1 cuc tritai X=0.
Vi du 10: Tim s8 diém cyec tri cia ham s6 y =| x — 2| (x* =1)

A.0 B.1 C.2

©
|6V}

Huéng dan:
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Cach 1: Chia lam hai treong hop X =2 va lap bang bién thién ctia ham s6 trén trén mién
[2;4+0) . Twong tw lap bang bién thién cua ham sd trén (—o0;2) . Ghép 2 bang bién thién lai ta

dwoc bang bién thién cia ham s6 trén R. Tt d6 chi ra sd cuec tri cia ham s6.

Céch 2: (Suy b thi) Goi (C) 1 do thi ham s8 y = f (x) =(x—1)(x* —1) . Khong can vé chinh

xac, phac hoa d6 thi ctia né nhu hinh 1.

x=2

/2

I

I

I

I

I

I
I
o
L/
|
1

I

I

I

hinh 1

Goi (C’) 1a d6 thi ham s8 y = x— 2| (x* —1), ta thay:

+(C’) trung véi (C) trén mién X = 2 vi phuong trinh giong nhau, nén d6 thi cua (C) 6
bén phai duong X =2 gitt nguyén cho (C’).
+V6i X <2 thi (C') ¢6 phuong trinh Y =—f (X) nén (C’) d6i xting vdi (C) qua Ox &

bén trai duong X =2 nén (C’) duoc vé bang cach 18y ddi xting (C) & phan nay qua Ox.

Do thi (C’) theo cach d6 vé thanh hinh 2.
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A

(C’;r) hinh 2

Ttr day thdy ham s6 ¢6 3 cuyec tri.

Vidy 11: Cho ham s6 y = f(X) c6 d6 thi cua y = f '(X) nhu hinh sau. X4c dinh s6 cuc tri caa
ham y = f(X)

ty

_,
= |
]

A.3 B. 4 C.2 D.1

Huwéng dan: Hinh da cho 1a @6 thi ham y = f '(X). Do d6, phan db thi ndam phia trén Ox lam
cho y >0 tic f'(X)>0 va d6 thi nam dudi Ox twong tng véi f'(X) <0 . Dya vao db thi ta
thdy f'(x) chi déi dau qua 2 nghiém x =0;Xx =1 ma khong d6i ddu qua nghiém X =2. Vay

ham s6 chi ¢é 2 cuec tri.

Vi dy 12: Cho ham s§ y= f(X) c6 d6 thi y= f'(X) cét truc Ox tai ba diém c6 hoanh dd
a <b <c nhw hinh vé.
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V4 \

Ménh dé nao dudi day la ding?
A. f(a)> f(b)> (c).

B. f(c)> f(b)> f(a).

C. f(c)+f(a)-2f(h)>0.

D. (f(b)-f(a))(f(b)—f(c))<O0.

Hudng dan: Tuong tw vi du 11, ta 1ap dwgc bang bién thién ctia y = f(X) :

X —a0 a b C +o0
f(x) + 0 - 0 + 0 -
J(x) fla) f(e)

— T T,

Vay f(a)> f(b) va f(c)>f(b) = f(a)+ f(c)>2f(b)

b. Ham bac 4 trung phuwong

Vi dy 1: Tim diéu kién m dé€ ham s y = x* —(m+1)x* + m—1 c6 3 cuc tri
A.m=-1 B. m>-1 C. m<1 D. m<-1

Huwéng dan: Diéu kién ham trting phuong y =ax* +bx* +¢ ¢4 3 cuctrila ab<0
< —-(M+) <0 m>-1

Vi dy 2: Tim m &€ ham s8 y = mx* —(m—1)x* + 2 c6 dting mot cuee dai
A.m=0 B. m<0 C.m>1 D.0<m<l1

Huéng dan: Xét riéng treong hop m=0, d6 thi ham s6 1a Parabol c6 hé s @ >0 nén ¢4
dung mot cuc tiéu. Vay m=0 khong thoa man yéu cau dé bai.
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. \ A 7 7 A . A 7 o« A2 . a < O a < O
Voi m=#0, ham s c6 dung mot cuc dai khong cé cuec tiéu khi Rt
ab>0 b<O0
m<0
= (vn) .
-(m-1)<0
\ . 1 . N . , o . a>0
Truong hop con lai lam ham s6 c6 dang 1 cuc dai nhung c6 2 cuc tiéu con lai < { b<0
abp <
m>0
= <m>1
(-m+1)<0

Vi dy 3: Cho ham s8 y = X* +8mx’ +3(1+2m)x* —4. Tim m d& ham s& chi c6 cyc tiéu ma

khong c6 cuc dai.

1-7 1++/7

<m<
1-7 1++/7
A “/_gmg V7 B.| © 6
6 6 1
m=—=
2
1
C.mER D.m:—E

x=0

Huong dan: C6 y'=4x° +24mx° +6X(1+2m). y'=0 < .
nong dan: £0. (1+2m). y 25 +12mx + 3(1+2m) =0 (*)

Do lim f(X) =+ nén ham s6 chi c6 mét cye tiéu ma khong ¢ cue dai twong duong véi

ham s@ chi c6 mot cuee tri, hay phuong trinh y'=0 c6 nghiém duy nhat ma y' doi ddu qua
nghiém d6. Diéu nay tuong duong véi (*) c6 nghiém kép (bat k& nghiém kép c6 bang 0 hay
khong) hodc vo nghiém, hodc (*) ¢ 1 nghiém bang 0 (nghiém con lai bat k& khac 0 hay

1-7 1+7

Sm<
6 6

khéng). Hay A'<0 hodc (*) thay ¢6 nghiém x=0 <

1
m=-=
2

Vi du 4: Tim m dé& d6 thi ham s6 y = x* —2mx* + m+m* ¢ 3 cuc tri ma 3 diém cyec tri tao

thanh tam giac

a. béu b. Vudng can

Trang 8



ThS. Luc Tri Tuyén — Béi dudng KT va LTPH — Cau Gidy — Ho Tung Mdu PT: 0972177717

c. C6 dién tich bang 32 e. Ban kinh duong tron ngoai tiép bang

d. Tao voi O tit gidc OBAC la hinh thoi 1.

f. Nhan H(0;-1) lam trwc tam.

Huéng dan: Chi can nhé ham trung phuong y =ax* +bx’ +¢ (a#0) c¢6 3 cuc tri < ab <0,
2a’ 4a
2 2
= 1f—b;—b—+c va C —‘/—b;—A =| - /—b;—b—+c . Tam giac ABC ludn can tai A.
2a 4a 2a 4a 2a 4a

4 f—
a. Tam giac ABC déu < AB=BC <:>—£+ b :4—b < |24a+b° =0 <24-8m*=0

2a 16a*> 2a
sm=33 .

Khi d¢, 3 diém cuc tri ctia d6 thi ham s6 c6 toa do 1a: A(0;c), B( f_b : _A)

4
b. Tam giac ABC vudng can < AB.AC =0 <:>2£+1g >=0 <:> <8-8m*=0
a a

=m=1

m:[,/-_b;-_bz] B b
2a 4a 1/\V2a 4a
=S

2 a—
ABC — A :b— —b :>|323382+b5=0|
& b —b? 2| [ -b?| 4falV2a
|1 V2a 4a \2a 4a

<32322-32m°=0 ©om=4

c. Co

d. Tt giac OBAC la hinh thoi <> OBAC la hinh binh hanh (do ¢6 2 canh bén bang nhau) <>

_h2 _h2
OA=0B+0C < A=B+C <:>c=4i+c+4i+c & [b? = 2ac] < 4m? =2m+2m*
a a
m=1

&m -2m+1=0 (do m>0) < 1445
2
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&n)? AB?
e. Do tam gidc ABC can tai Anén R= (canh bén) _

. V6i H la trung diém ctia BC nén

2.AH 2AH
—b+ b*
. 2 A T A2 4 2la 3 _ _ 3 3
AH - 0;_b_ .Vészza 126a :b 82abl |2| :b 8a _ 8m 8:m +1.Theo
4a 5 b* 16a* b 8b|al —16m 2m
4al
m=1
gia thi¢t R=1<m’ +1=2m < m__1+\/§
2

1.2. Diéu kién dong bién, nghich bién
a. Ham bac 3
Vi du 1: Cho ham s6 y = x> —3x* +3mx—1. Tim m dé& ham s6:

1) Pong bién trén tap xac dinh
Dép s6: m=>1

a>0
Huéng dan: C6 y'=3x"—6x+3m. Ham s& dong bién trén R <:>{ <9-9m<0

< mzl

2) Nghich bién trén tap (0;3)

Péap s6: m<-3

Huong din: Ham s6 bién trén tap (0;3) < y'<0Vxe[0;3] ©m<—x*+2x, Vxe[0;3]

e m< min(—x2+2x) em<-3
[0;3]

3) Dong bién trén tap (2;+0)
Péap s6: m=>0
Huong din: Ham s§ dong bién trén tap (2;+0) < y'>0VXe[2+0) < m>—x*+2X

VX €[2;+00) <:>m227a>§(—x2+2x) &m0

Vidu2: Tim m dé hamsd y= % mx® — (m—1)x* +3(m —2)x +% dong bién trén (2;+o)

, 2
Pap s6: m 2> 3

Huéng dan: C6 y'=mx*—2(m-1)x+3(m-2). Ham s8 dong bién trén (2;+0) khi va chi khi

_6=2x VX €[2;+o0) omemax—"—X o mz%.

S V' >20VXel2+0) < m>
y [ ) X?—2x+3 [21+0) X* — 2X + 3
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Cha y: Néu ¢6 1ap dwge m thi khong can xét treong hop m=0 6 hé s6 bac ba nira.

Vi du 3: Cho ham s8 y = X* +(M—1)x* +(M* —4)x+9. Tim m dé& ham s8 luén ludén dong bién
trén tap xac dinh.

. +23J§
bap so:
1733
2
5133
Huéng dan: A <0 < 2
e —1—23J§

Vi du 4: Cho ham s8 y = x® +3x° + mx +m. Tim m d&¢ ham s8 nghich bién trén tap ¢ d6 dai bang
1

9
bapsé: m=—
P 4
Huéng dan: C6 y'=3x’+6x+m.Néu y' c6 A<0 thi ham s6 dong bién trén R , do d6 ham sd
khong c6 khoang nghich bién.
Vé6i A >0 ham s8 c6 khoang nghich bién 1a (X;X, v6i X, X, 1a 2 nghiém cta y'. Theo gia thiét,

JA

khoang nghich bién ctia ham s6 6 d6 dai bing 1 tuwong duong véi [ X - % [Fl < Tal =1
@\/36—12”\ :3 c;m:g,
4

Vi du 5: Cho ham s8 Y = 2X° +3Mx* —2M+1. Tim m d& ham s6 nghich bién trén (1,2).
Péap s6: m< -2

J4 x 4 2 \ A . « A7 A
Huéng din: C6 Y =6X"+6MX, ham s6 nghich bién trén (L2) <y <0 vxe[}2]
S m<-—x, vxell;2] <:>m£r[nl_i2?(—x) <m<-2

Vi dy 6: Cho ham s8 y = x* —(m+1)x° —(2m2 —-3m+ 2)x+2m(2m—1). Tim m d€ ham s6 dong

bién trén (2;+0)
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3
bap s6: —ZSmSE

Huéng din: Ta c6 Y =3X" —2(M+1)x—(2m*=3m+2) , thay A=7(M*+m+1)>0 vm. Vay ham

s8 déng bién trén (=0, %) va (X,;+0).

Ham s6 dong bién trén (2;+w) < (2;40) C (X2 ;-H00) hay X <X, < 2. Diéu kién nay tuwong
(x,—2)+(x,-2)<0

(x -2)(x,—2)>0 - Dungdinhly Viet giaihé bat phuong trinh an M duoc

duwong voi {

-2<m<

N | W

Vidy 7: Tim m dé ham s8 Y = MX° —mX* + (M +1)X+3 dong bin trén R
Pép s6: m>0
Huwéng dan:

Céch 1: C6 y' =3mx* —2mx+m+1. Ham s& dong bién trén R khi y'>0 VxeR QmZﬁ
X% —2X+

, -1 ,
. Lap bang bién thién ciia ham g(x) =————— tathdy m>0.
P bang 909 3x? =2x+1 y

Cach 2: Xét treong hop m=0, thi y =x+3 dong bién trén R nén thoa man diéu kién dé bai.

m>0
Truwong hop m#=0, ham s6 dong bién trén R khi {A 0 m>0.
Két hop voi truong hop 1 duoc m=0.
Vi dy 8: Tim m &€ ham s8 y = X* —3(m+1)x* +(3m* +6m)Xx +5 nghic bién trén khoang (2;3)

Dapsd: 1<m<2

Hudéng dan: Co y' =3x" —6(m+1)x+3m° +6m, gidi y'=0 < [X _ Tn Pt Vay ham s6 nghich bién
trén (2;3) khi m<2<3<m+2 <1<m<2.

b. Him béc nh4t trén bac nhat

Vidyl: Timm déhamso y = XT—X—m_ZB nghich bién trén cac khoang xac dinh.
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Papso: 1<m<2

ax+b
cx+d
vachikhi ad-bc<0 <m?-3m+2<0 <l<m<?2.

Huwéng dan: Ham bac nhat trén bac nhat y =

nghich bién trén tirng khoang xac dinh khi

o1 ~ X+m
Vidy2: Timm dé ham so y =
mx +1

dong bién trén tiing khoang xac dinh

bapsd: -1<m<1

Huoéng din: Ham s6 dong bién trén tirng khoang xac dinh chi khi ad —bc >0 «<>1-m* >0
< -1l<m<1

o1 ~ X+m
Vidy 3: Tim m dé ham s6 y =
mx +1

dong bién trén (1;+00 )
bapso: 0<m<1
Hudng dan: Ham bac nhat dong bién (hay nghich bién) trén mot khoang («; §) phai thoa man
dong thoi 2 diéu kién:
+ ad —bc>0(ad —bc <0)

+ Phuong trinh mau v6 nghiém trén (a; f) (ttc nd v6 nghiém hodc nghiém ctia né
khong thudce («; 5) )

Ap dung;
+1-m*>0 < -1<m<1
+ MX+1=0 v0 nghiém trén (1;+o0):

- Xét m=0: phuong trinh 0x+1=0 v6 nghiém, vay m=0 thod man.

- Xét m#0: phrong trinh mx+1=0 cé nghiém x = 1 . Nghiém nay khong
m

m<-1

thudc (1;+o0) @—l <1 @[ .
m m>0

o m<-1
Hop lai hai treong hop duoc [m S

Cudi cung, 1ay giao hai diéu kién cua bai toan ta duwoc 0<m<1.
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mx —

Vidu4: Timm dé€ hamsd y =
X+m-3

nghich bién trén (—Ooig )

bap so: 1<m£§

ad —bc<0 m?>-3m+2<0

Huéng dan: Ham s6 nghich bién trén (—0;=) <1 ( 3. © 3

l<m<?2
= 3 <<l<m<—-

m<— 2

2
Vi du 5: Tim m dé ham 58 y = oM XL opich bien trén khoang (o; fj
sinx+m 2
bapso: 0<m<1
T I : _ ., oomP-1 m? -1 .

Huéng dan: Dt u(x) =sinx =ue(0;1) .Tacd y', =—— U', = ——.(CosX) . Ta thdy

(U+m3? " (u+m)

u,>0 Vvxe (O;%j , nén ham so nghich bién trén (O;%j khi: (1) m*—1<0 va (2)
. R n . Vid
sinXx+m =0 v6 nghiém trén (O;Ej .

Co(l) ©-1<m<1l.

m<—
Cé6 (2) < t+m=0 vonghiém trén (0;1) < -me(0;1) < { -0

mz
Két hop hai diéu kién ta duwgc: 0<m<1

b1 a ~ cotx-m ., VR
Vi duy 6: Tim m dé ham s6 y = ———— dong bién trén (Z;Z)
mcotx -1 4 2

bap s6: -1<m<1
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x m® -1 m® -1 1
Huéng dan: Dt u(x) =cotx =>ue(0;1) .Tacd y', =—S U, = >.(———=—) . Ta
(u+m) (u+m) sin“ x

thay U', <0 Vxe (%;%) , nén ham s& dong biéh trén (% ; %) khi: (1) m? —1<0 va (2)
mcot X —1=0 v6 nghiém trén (% ; %) :

Co(l) < -1<m<l.
C6 (2) < mt—1=0 vd nghiém trén (0;1):

+V6i m=0, phuong trinh v6 nghiém trén R nén thoa man dé bai.

+V6i m# 0, phuwong trinh c6 nghiém t=—, 1 (0] <
Hop hai treong hop ta dwoc: m<1

Két hop hai diéu kién ta dwoc: —1<m<1

c. Ham khac
Vi du 1: Tim m &€ 1am s8 y = In(x* +1) —mx dong bién trén R

Péap s6: m<-1

2X —m. Ham s6 dong bién trén R khi y'>0 VxeR < m<

Huwéng dan: C6 y' =
8 Y x* +1

om<-1.

VxeR < m<min—
Eox“+1

Vi dy 2: Tim m d€ ham s8 Y =Sin X+ Mx + 3 nghich bién trén tap xac dinh
Péap s6: m<-1

Huéng dan: C6 y' = cosx+m. Ham s& nghic bién trén R khi y'<0 YxeR <> m<-cosx
VXxeR < m<min(—cosx) < m<-1.
R

Vi dy 3: Tim m dé ham s y =Sin X —CoS X+ (M—2)x+3 dong bién trén R
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Daép so: m22+«/§

Huéng dan: C6 y'=C0SX+SinX+Mm—2. Ham s8 dong bién trén R <> y'>0 VxeR
< M—22max(-sinx—Ccosx) < m=2++2

Vi du 4: Tim m d€ ham s6 y = X+ mtan X nghich bién trén (0; %)
Péap s6: m<-1
Huéng din: C6 y'=1+m(L+ tan’ x) . Ham s8 nghich bién trén (0;%) & y'<0 Vxe [0;%)

hay mg_—lz VX e 0;z <:>m£min_—12 <m<-1
l+tan® x 4 o1 1+t

1.3. GTLN - GTNN
a. Ham chtra tham so

2X—m
X+1

Vidu1l:Hamsd y= dat gid tri I6n nhat trén doan [0;1] b.:!mg 1 khi m b.:!mg bao nhiéu?

bép s6: m=0

Huéng dan: C6

Truong hop 1: m> -3, ham s6 dong bién trén ting khoang xac dinh, do d6 dong bién trén
, Lix o 2-M -
[0;1] nén GTLN ctia ham s6 dat duwoc tai X =1 va bang — Theo gia thiét,

Z_Tm =1< m=0 (thod man treong hop).

Truong hop 2: m < -3, ham s nghich bién trén titng khoang xac dinh do d6 nghich bién trén
[0;1] nén GTLN ctia ham s6 dat dwoctai X=0 va béng —Mm. Theo gia thiét, -m=1<m=-1
(khong thoa man diéu kién treong hop)

Truong hop 3: m=-3 thi ham s8 1a ham hang y =2, khong thoa man d@ bai.

Vay m=0 la gid tri can tim.
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Vi du 2: Vi gid tri ndo ctia m thi trén [0; 2] ham s6 y = x° —6x® +9X+m c6 gia tri nho nhat
bang —4.

bap s6: m=-4

Huéng dan: Co y'=3x"-12x+9.Giai y'=0< x=1x=3, chi 6 x=1€(0;2). Tinh x4c gia
tri f(0)=m, fQ)=m+4, f(2)=m+2.Vay r[rol_i2|]1f(x)=m.Theogiéthiéftth‘1 m=-4.

, P , N 1 ~ . . A . T, 3
Vi du 3: Gi4 tri nho nhat cia ham s6 y =sin® x —cos2x +sinx+2 trén khoang (—E ; Ej bang
may?

23
DI /\’: -
ap so 7

Huéng dan: Dit t =sinx=>te(-11) . Khidé y=f(t) =t —(1-2t)+t+2 =t>+2t° +t +1.
Tim GTNN ctia ham f (t) trén (—11) dat duoc tai x = —% , va GTNN bang g )

Vi du 4: Cho hai s6 thuee x,y théa man x° + y* = 2. Gid tri 16n nhat, nho nhat ctia biéu thtec

T =2(x®+y®) —3xy theo thit t 1a bao nhiéu?

Dép s6: Max=6.5, Min=-7

Huwéng dan:

Cach 1: Dit S=x+Yy va P=xy (c6 S*>4P)

§*-2

Gia thiét tuong duong S?°—2P=2=P = _Thay vao T ta dugc T =2(S°—3SP)-3P

=2s3—33(sz—2)—g(s2 _2) =—S3—gSZ+68 +3=£(S).

Mit khac, S > 4P = S? > 2(S?—-2) = -2<S <2 .Bay gio tim GTLN, GTNN cta f(S) trén
[-2;2] dwoc Max=6.5, Min=-7

Cach2: T X*+y?=2=y=+y2-x* .Thay vao T taduocham f ,(X).Dung chtrc ning
TABLE cho 2 ham nay trén [—\/E X \/§ ] cho ta gid tri I6n nhat va gia tri nhd nhat cia ham sé.

, 1 1 1 , . A
Vi du 5: Ham so y:X3+—3—(X2+—2j—2(X+—j, X>0 c6 GTNN la bao nhiéu?
X X X
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Dap s6: GTNN =—4

Hué6ng dan: Dat t=x+2 =t>2 véi x>0 . Khi dé y=f(t)=t"-3t—(t"-2)-2t
X

=1% —t* —5t + 2. Tim GTNN ctia ham nay trén [2;+o0) duwoc [r;r_lin) f)=1(2)=-4

Vi du 6: Choham sS y =x*—2x*. Goi A la duong théng di qua diém cuc dai ctia d6 thi ham
s0 da cho va c6 hé s6 goc m. Tap hop tat ca cac gia tri caa tham sd thwe M sao cho tong
khoang cach ttr hai diém cyec tiéu ctia d6 thi ham s6 da cho dén A nho nhat la:

A. 0. B. 1. C. 4. D. i%.

Phuong trinh A:y=mx< mx—y =0 . Diém cuc tiéu cua d6 thi ham s6 A(};-1); B(-1-1)

Tong khoing céch tir A, B dén A: T = MY _mediem=y b o

g khoang cach tr A, B den A: + . Bay gio tim GTNN
Jm2+1 Jm2+1 Jm2+1

ctia ham f(m)= |m+1|+|m—1| bang 2 cach:

Jm? +1

- Cach 1: Chia truong hop dé pha dau gia tri tuyét doi.

- Cach 2: Dung MTCT chttc nang table.

Dép s6 X ==1 va gid tri nho nhat béng \/E

Vi du 7: Cho cac s6 thuc X,y thoaman X* + 2xy + 3y = 4. Gi4 tri 16n nh4t cta biéu thiic
P=(x- y)2 1a

A. maxP =8. B. maxP=4. C. maxP =12. D. maxP =16.

Huéng dan: Véi y=0=>x=42=P=4

V6i y =0 Pat x=ky = y*(k®+2k+3)=4= yzz% . Khi d6
k®+2k +3

16k%+16k—32  16(k —1)(k +2)
(k? + 2k +3)? (k*+ 2k +3)

Ak-1?  4K*—8k+4

P=y?(k-1)?°= =
y (k=1 k?+2k+3  k*+2k+3

. Co P'(k)

Tt bang bién thién tim dwgc max P =12.
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b. Bai toan ttng dung

Vi du 1: Trong hé toa do Oxy cho parabol (P): y =1 - x2. M6t ti€p tuyén cua (P) di dong co
hoanh d¢ duong cit hai truc Ox va Oy Ian luot tai A va B. Dién tich tam gidc OAB nho nhat
khi hoanh d¢ ctia diém M gan nhét véi s6 nao dudi day:

A.0,9 B.0,7 C.0,6 D. 0,8

Huéng dan: Tiép tuyén cua (P) tai diém cé hoanh do x, >0 la d: y=-2x,(X—X,) +1- X .
X2 +1

2X,

DPuong thang d cat Ox tai A( ;0), cat Oy tai B(0; X2 +1).

2 2
Vay dién tich tam giac OAB bz‘?mg f (%)= %M . Tim GTNN ctia f(x,) trén (0;+o0) tai

Xo

dwoc khi x, #0.6.

Vi du 2: Cho tam giac déu canh a; Nguwoi ta dyng mot hinh chit nhat MNPQ c¢6 canh MN nam
trén canh BC, hai dinh P va Q theo thi tw ndm trén hai canh AB va AC. Xéc dinh vi tri diém M
sao cho hinh chit nhat c6 dién tich 16n nhat va tim gia tri 16n nhat do6

a . . 3 a . 3

A.BM=—=vaS$ B.BM == va S
2 8 4 8

3a J3a?

C.BM=—vaS=
4

D. Mot két qua khac

4
Huwéng dan:
A
Q P
0=
X
E M N C
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D3t BM =x (O<x<%).Dé dang tinh duoc MN =a—2x va MQ = x.tan60° = x/3 . Vay

dién tich hinh chit nhat 1a: f(x) = v3.x(a-2x) =+/3(-2x"+ax). D& thay f(x) dat GTLN tai

J3a?

8

x=% va GTLN bing S =

Vi dy 3: Cho hinh ch@® nhat MNPQ ndi ti€p trong nita duong tron ban kinh R. Chu vi hinh chit

nhat 16n nhat khi ti s§ MN bang:
MQ

A.2 B.4

C.1 D.0,5

Hudéng dan: Goi O 1a tam duwong tron, ddt OM =x (0< X <R) thi MN =2x va

MQ =~/R? = X* . Vay dién tich hinh chitnhat1a S = f (x) = 2xJ/R? = x> <x° +R? —x? =R?.
R2 MN 2x

D&u biang xay ra khi X=+R*-x* < x=—— . Khidé = =2
2 M \/RZ—XZ

Vi du 4: Khi nudi ca thi nghiém trong ho, mot nha sinh hoc thay ré“mg : Néu trén mdi don vi

dién tich ctia mat ho c6 n con cé thi trung binh mdi con ca sau mot vu can nang
P(n)=480-20n (gam). Hoi phai tha bao nhiéu c4 trén mot don vi dién tich ciia mat ho dé&
sau mot vu thu hoach duwoc nhiéu ca nhat?

bép s6: 12

Huwéng dan: Trong legng trung binh mdi con ca la P(n) nén trong lwong trung binh ctia n con
c& trén mot don vi dién tich 1a f (n) = nP(n) = 480n—20n°. Dé thdy GTLN cuaa f(n) dat duoc
tai N=12.

Vi du 5: Mot chu ho kinh doanh c6 50 phong tro cho thué. Biét gia cho thué mdi thang la
2.000.000d/1 phong tro, thi khong cé phong tréng. Néu ctt ting gid mdi phong tro thém
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50.000d/thang, thi sé c6 1 phong bi bé trong. Hoi cht ho kinh doanh sé cho thué véi gia la bao
nhiéu d€ c6 thu nhap mdi thang cao nhat?

bap s6: 2.250.000d
Huéng dan: Goi X (k) 1a s6 tién chu ho sé ting thém cho mdi phong thi s§ phong tréng 1a %
(Vi ce tang 50k thi c6 1 phong trong). Vay s6 phong duwoc thué la 50 — % . Khi d6 loi nhuan

thuvéla f(x)= (2000 + X)(SO - 5—2} . Gid tri 16n nhat caa ham nay trén (0;+00) dat duoc tai
X =250. Vay gia phong cho thué nén la 2.250.000 d d€ lgi nhuén cao nhat.

Vi dy 6: Mot cong ty mudn lam mot duong dng dan tir mot diém A trén bo dén mot diém B
trén mot hon ddo. Hon dao cach bo bién 6km. Gia d€ xay duong 6ng trén bo 1a 50.000USD moi
km, va 130.000USD mdi km dé xay dudi nude. B’ 1a diém trén bo bién sao cho BB’ vudng géc
v6i bo bién. Khoang cach tir A dén B’ 1a 9km. Vi tri C trén doan AB’ sao cho khi n6i 6ng theo
ACB thi s0 tién it nhat. Khi d6 C cach A mot doan b@“mg:

e
*

¥/

- .llI
T -

e
]

hien

F j
-

bibidn ~ Phm
Dép s6: 6.5km

Huéng dan:

hien

fikm

=
3

B — = — —— —

bibidn ~ Vhm
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Goi Cla vi tri le"ip dat duong 6ng trén bo ra dao B, dat B'C = X. Vay quang duong trén bo la
9—X va quang duong di dudi bién la /36 + X* . Chi phi 1p dat cho toan bd cong trinh la:
f(X) =13v36+x* +5(9—x). Tim GTNN ctia f(X) trén [0;9] dwoc X =6.5 (km).

Vi du 7: Cho diém M di chuyén trén Parabol (P): y = x*. Khoang cach ngan nhat tir M dén

A(3;0) bang bao nhiéu?

Pép s6: d =/5

Huéng din: Do M € (P) nén M(x;x%). Vay d = AM = (X—3)2 +x* . Tim GTNN ctia ham
f(x) =x* +(x—3)% trén R duwoc mind =+/5 khi x=1.

Vi du 8: Mot man hinh 16n TV cao 1.4m tai phong cho nha ga dugc treo trén teong cach mat
dat 2.2m. Mot hanh khach cao 1.78 dang dung doc thong tin trén man hinh. Hoi hanh khéach
nay phai diing cach trong bao xa d& géc nhin 16n nhat biét rang khoang cach tir mat dén dinh
dau anh ta la 8cm.

95

Papso: X=——
P 10

Huwéng dan:

A

1.4

1.7m
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Vi tri tir m3t dat dén mat hanh khach 1a 1.7m do khoang cach tir mat dén dau anh ta 1a 0.08m.

Goi «a la goc quan sat ctia anh ta véi man hinh, thi « = ACB . Gia tri & 16n nhét khi va chi khi
tan & 16n nhat.

19 05
tan ACH —tan BCH vy 1.4x
Ta cé: tana =tan| ACH —BCH | = =X X _
( ) l+tan ACH.tanBCH 1,19 05  x*+1.9x05
X X

J95

= f(X) . Tim GTLN cua ham f(X) dat dwoc tai X = o

Vi du 9: Chiéu dai bé nhat cua cédi thang AB d€ no co thé twra vao tuong AC va mat dat BC,

ngang qua mot cot d6 DH cao 4m song song va cach teong CH =0,5m la bao nhiéu ?

A

]\D

55

Dép 56: mln f (X) = T

Huoéng din: Goi X=HB = BD =+/x*+16.C6 AC//DH nén %:%

= ADzo—f\/x2+16 . Vay AB=+/x*+16 +0;:\/x2+16 = f(x) véi x>0
55

Dung TABLE tim GTNN cta f(X) trén (0;+w0) dugc min f(X) = — tai X=2 .

Vi dy 10: Mot nan nhan dudi nudc o vi tri cach bo ho 300m. Mot nguoi phat hién tai nan dang
diing trén bo cach nan nhan 500m. Anh ta phai chon vi tri cach vi tri hién tai bao xa dé€ xudng
ho boi ra ctru nan nhan sao cho mat it thoi gian nhat, biét r:?mg van toc chay bd kéo theo chiéc
thuyén nho ctia anh ta 1a 20km/h va van t6c cheo thuyén la 10km/h.

Dép s6: X= 226 (m)
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Hudéng dan: Goi X la khoang cach tir vi tri nguoi cru nan dang ding dén vi tri nguoi d6

xudng nudc cttu nguoi, thi quang duwong nguoi dé phai boi thuyén la /9 + (4 - X)2 (tram

mét). Con quang duong chay b la X (trdm mét). Vay, thoi gian ngwoi nay twr vi tri hién tai dén
x 49+ (4-x) X y9+(4-x)

vi tri cttu nguoi la: t = + (h). Ta tim GTNN cua f(x)= +
200 100 200 100

voi x €[0;4].

1.4. Suy do thi

Vi dy 1: Néu cach vé d6 thiham s6 y = f(X)| tir d6 thi ham s6 y = f(X)
Huéng dan:

- Gitt nguyén d6 thi ctia y = f (X) & phan nam trén truc Ox

- Lay d6i xting phan d6 thi y = f (X) 1én trén qua Ox

Vi dy 2: Néu cach vé d6 thiham s6 y = f (| X|) tir d6 thi ham s6 y = f (X)
Huéng dan:

- Giltt nguyén phan d6 thi ctia y = f (X) bén phai Oy va xod bén trai.

- Ldy d6i xttng phan nay sang trai qua Oy

Vi dy 3: Néu cach vé d6 thi ham s6 y =—1f(X) tir d6 thi ham s6 y = f(X)
Huwéng dan:

- Lay d6i xting qua Ox

X+1

X+1
Vi du 4: Néu cach vé &6 thi ham s6 Yy = —— tir d6 thiham s6 y = 1
X —

x—1]

Huwéng dan:

- Gitta nguyén do6 thi ctia y = X—+i & bén phai duwong thang X =1 (tiém can ding)
X —

- Ldy d6i xting d6 thi y = X—Jr;:: 0 bén trai duong X =1 qua Ox
X —

x-2| X—2

Vi du 5: Néu cach vé 36 thiham s6 Yy =—— tird6 thihamsd y=——
X+1 X+1
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Huéng dan:

- Gitt nguyén d6 thi ham sd y = X;i & phan bén phai duong thang X =2
X+
N A e X2
- Lay doi xirng phan do thi y = ey ¢ bén trai duong X =2 qua Ox
Vi du 6: Néu céch vé d6 thi ham s8 y =|x|(x* —4) tir d6 thi ham s8 y = x(x* —4)
Huéng dan:
- Gitt nguyén d6 thi ham s6 y = X(x* —4) & bén phai Oy

- Lay d6i xting phan d0 thi cta y = X(x* —4) & bén trai Oy qua Ox

1.5. Twong giao
a. Xét phuwong trinh hoanh d¢ giao diém
Vi du 1: X4c dinh s8 giao diém ctia d6 thi ham s§ y = 2x* —6X + In(2X + 3) + 4 vdi truc hoanh.

bap so: 1

Huéng dan: Xét ham f (X) = 2x* —6x +In(2x +3) + 4 voi x>—§.Ta 6 F'(X)=4x-6+
2 2X+3

Giai f'(X)=0 < x=12. Lap bang bién thién cua f(X) :

X _ % _ \E -\.'E ton

f'(x) - 0 - 0 -

f(x) 14.72 / +o0
B / \ .

Tt bang bién thién thdy ngay do thi ham s& cat Ox tai 1 diém nén phuwong trinh da cho c6 1
nghiém.

Vi du 2: Hoi phuong trinh 3X* —6X+In(X+1)° +1=0 c6 bao nhiéu nghiém phan biét?

bép s6: 3
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Huoéng dan: Xét ham f(x) = 3x* —6x+In(x+1)° +1 (X >-1). C6 f'(x) = 6x—6+i1,
X+

f'(X)=0 & x= ig. Lap bang bién thién cua f(X) co:

400

—a0 -0.138

Tt bang bién thién ta thdy ngay db thi cat Ox tai 3 diém phan biét nén phuong trinh c6 3
nghiém phan biét.

Vi du 3: SO giao di€m ctia d6 thi ham s8 y =+/2x+3 (X2 —2X — 4) - % va truc Ox la bao nhiéu?

bap s6: 3

x> —2x—4
N2X+3

X2 —2X—4+(2x+3)(2x-2)=0 «<5x* ~10=0 < x ==/2 . Lap bang bién thién ctia f(X)

Huéng dan: C6 y'= ++/2x+3(2x-2) .Co y'=0<

X _ i —\E 'VE Yoo
2

V' + 0 - 0 +

y 0.293 +en

_L / \ o /
20

Tt bang bién thién thdy phuwong trinh c6 3 nghiém phan biét.

Vidu 4: Tim m dé& d6 thi ham s8 y =x*—3x?+mx—m+2 cit truc hoanh tai 3 diém phan biét.
Péap s6: m<3

Huwéng dan:
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Cach 1: C6 1ap m chuyén vé bai toan bién luan sd giao diém ctia dwong y =m vdi d6 thi ham

s0 y=f(x).

Céch 2: Phuong trinh x> —3x* + mx—m+2=0 nham duoc nghiém X =1 nén phan tich duoc
thanh (x—1)(x* —2x+m-2) =0. Phuong trinh hoanh d6 giao diém c6 3 nghiém phan biét khi
phuong trinh X* —2x+m—-2=0 ¢4 2 nghiém phan biét khéc 1. Diéu nay twong duong véi
m#3va3-m>0 < m<3.

Vi du 5: Cho d6 thi (C) c6 phuong trinh y = XLi va duong thang (d) c6 phuong trinh
y=X+m.Tim m d& (d) cat (C) tai 2 di€ém phan biét A, B sao cho:

a. Do dai doan AB ngén nhat

Dép s8: AB nho nhat bing 2+/6 khi m=0

b. Tam gidc OAB vudng tai O

bap s6: me

c. Dién tich tam gidc OAB béng 4

bap s6: m=12

Huwéng dan:

Xét phuong trinh hoanh d6 giao diém: X+2=(X-1D)(x+m) < x*+(M—-2)x—-m—-2=0 (1).
Luu y X =1 khong la nghiém ctia phuong trinh véi moi M. Tinh A = (M- 2)* +4(m+2)
=m*+12>0 VmeR. Vay (d) ludn cit (C) tai hai diém phan biét A, B Vm e R.

Goi X, X, lan lwgt 14 2 nghiém cua (1), ta c6 cac két qua quen thudc:

b
x1+x2=—g=2—m

C

Xl'X2:a:_m_2 .Khi dé A(x;x +m) va B(X,;X, +m).
JA  m? 412
el ==

a.Cé AB=\/(>(1—x2)2+(x1—x2)2 =2|x —X,| =+24/m?*+12 . Vay AB nho nhat bing 2./6
khi m=0
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b. C6 OA= (x;% +m), OB = (X,; X, +m) . Tam gidc OAB vudng tai O khi va chi khi OAOB =0

S 2% X, +MX +X%)+m? =0 < -2m-4+m(2-m)+m’* =0 &med.

c. Dién tich tam gidc OAB, S :%|x1(x2 +m) — X, (X, +m)| =M|x1—x2|

~ Im|Vm? +12
2 B 2
|m|\/m2 +12

2

Cho S=4 & =4 &Sm=+2.

b. Twong giao khi c6 1ap tham sd

Vi dy 1: Tim m d€ phuong trinh 2X® +3x* —12X+2m—1=0 c6 3 nghiém phan biét
bap s6: —%<m<4

Huoéng din: C6 1ap tham s& tit phuong trinh ta cé: 1—2m = 2x° + 3% —12X. S8 nghiém ctia
phuong trinh 1a s6 giao diém ctia duong thang (d) y =1-2m va db thi (C) y = 2x® +3x* —12x
. Do (d) 1a dwong thang song song véi Ox nén né cat (C) tai 3 diém phan biét khi

Yor <1-2mMm<yqp @—%<m<4.

Vi dy 2: Tim m d€ phuong trinh 2X° —3x* +2—-2""" =0 c6 3 nghiém phan biét.
_— 1

Papso: 0<m< 3

Hudng dan: C6 1ap tham sd ta duoc phwong trinh 2x° —3x* +2=2"" . S nghiém ctia
phuong trinh 1a s6 giao diém ctia duong thang (d): y = 2" va d6 thi (C) y = 2x* —3x* + 2.
Phuong trinh c6 3 nghiém khi va chi khi (d) ct (C) tai 3 diém phan biét < y, <27°" <y,

2172 m

=l <2 <0<1-2m<1 <:>O<m<%

Vi du 3: Gia tri m d€ phuwong trinh ‘% x*—2x* +1=3" c6 8 nghiém phan biét

baps6: m<0
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Huéng dan: phuong trinh ‘% x*—2x° +J.‘ =3" 6 8 nghiém phan biét khi duong y=3" cat do

thi y =

%X4 —2x? +J.‘ tai 8 diém phan biét.

Vé (Q): y=%x4—2x2+1

¥ (1 252+ 1

X
Iy
L

Tt d6 thi (C), ta vé d0 thi (C’) theo quy tac:
+ Gift nguyén (C) & phan nam trén Ox.

+ Lay d0i xtiing phan dudi Ox 1én trén qua Ox

(C’) la toan bd phan trén Ox.
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(©) 6t

—t
—
ot
s
-
ot
—_
e

Ttr d6 thi ta thdy duong y =3" cat (C') tai 8 diém phan biét <>0<3" <1 < m<0

Vi du 4: Tim m d€ phuong trinh ‘X3 —3X +1‘ =M cb 6 nghiém phan biét.

Péap s6: 0<m<1

Huéng dan: Phuong trinh |X° —3x+1] =M c6 6 nghiém phén biét <> dutmg (d): y =m cit 4o
thi (C'): y =|x° =3x+1] tai 6 diém phan biét. V& 6 thi (C)

F'S v

4+ <

-

Tt &6 thi (C), ta vé d6 thi (C’) theo quy tac:
+ Gift nguyén (C) & phan nam trén Ox.

+ L&y d6i xting phan dudi Ox 1én trén qua Ox
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(C’) la toan bd phan trén Ox.

Tir &6 thi ta thay (d) cat (C) tai 6 diém phan biét khi va chikhi 0<m<1
Vi dy 5: Tim m dé€ phuong trinh |X|3 —6X* + 9|X| —mM+1=0 cb 6 nghiém phan biét.
bapsé: 1<m<5

Huéng din: Phuong trinh c6 6 nghiém phan biét tuong duong véi duong thang (d): y =m cat
d6 thi (C'): y =[x’ —6x> +9|x|+1 tai 6 diém phan biét.

Vé d6 thi (C) ctia ham y = x> —6x* +9x+1

AS__

<)

[}
h
T
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V& d6 thi (C') caa y = f(|x|)
+ Gitt nguyén phan (C) ndm bén phai Oy, 04 bén trai.
+ Lay doi xttng phan nay qua Oy.

(C’) 1a hai phan can xtng 2 hai bén Oy.

Tir @6 thi ta thay (d) cat (C’) tai 6 diém phan biét khi 1<m<5

Vi dy 6: Tim m d& d6 thi (C) ctia ham s8 y = 2x> —3mx® —m+2 cat truc hoanh tai 3 diém phan
biét.

bapso: 1<m<2

Huéng dan:

Céch 1: (C) cat truc hoanh tai 3 di€m phan biét tuong duong véi (C) ¢ 2 cuc tri ndm vé 2 phia
Ox hay Y.y, <0.C6 y'=6x*—6mx. Phuong trinh y'=0 <> x=0;X =m. Vay diéu kién ham

sO cOhaicuctrila m#0.

Khi d6, y,=-m+2; y, =—m°—m+2. Diéu kién y,.y, <0 <1l<m<2.

Céch 2: Phuong trinh hoanh d6 giao diém 2x* —3mx® —m+2=0. Do khong nhdm dwoc

2x3 +2

3x?+1

3

, , 2X° + 2
biét khi dwong thang y =m cat d6 thi (C): y = 32—+1 tai 3 di€m phan biét. Lap bang bién
X"+

nghiém ddac biét nén c6 1ap tham s6 dwoc: m= . Phrong trinh da cho c6 3 nghiém phan

thién hodc vé do thi (C):
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1FH

b
ad——

Ta thay duwong y =m cat (C) tai 3 diém phan biét khi va chikhi 1<m< 2.

Vi dy 7: Tim m d€ phuong trinh log(mx) = 2log(X+1) ¢6 nghiém duy nhét.

Y L |m=4
ap so:
P m<0

x X>-1
Huwéng dan: Phuong trinh twong dwong véi , -

mx = (X +1)

\ ) (x+1)° e e e s

Phuong trinh mx =(x+1)° < M =-——— . Phuong trinh da cho c6 dang 1 nghiém khi dwong
X

e X +1)° \ , : .
y =m cat do thi ham y = ( ) trén mién (—1;+00) tai duy nhat 1 diém. Vé do6 thi ham
X

X +1)°
= (x+1) (hodc chi can lap bang bién thién).
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j__

"'H

Tt d6 thi ta thdy ngay duong y=m cit d6 thi trén mién X > —1 tai mot diém khi m < 0 hodc
m=4.

Vi du 8: Tim m &€ phuong trinh 2In(x +1) — In(Mx) = —x* + (M —2)x —1 ¢ nghiém

m>4

Dap s0:
P {m<0

Hwéng din: Phuong trinh twong duong véi In(x+1)% + (X +1)° = Inmx+mx (Chi can 1 diéu
kién X >—1). Phuong trinh twong duong véi Ina+a=Inb+b véi a=(x+1)?, b=mx. Do
ham f(t) =Int+t dong bién trén (0;00) nén phuong trinh twong duong véi a =b hay

mx = (X +1)°.

2
Phuong trinh mx = (x+1)° < m= (x+1)

(X +1)°
X

. Phuong trinh da cho c¢6 nghiém khi duong y =m

(X +1)°
X

cat d6 thi ham y = trén mién (—1;+o0) cat nhau. Vé d6 thi ham y = (hoac chi

can lap bang bién thién).
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j__

"'H

Tt d6 thi ta thdy ngay duong y =m cat d6 thi trén mién X >—1 khi m <0 hogc m>4.

X% +mx+1

Vi du 9: Tim m d€ phuong trinh 3 =9 ¢6 nghiém.
béap s6: m>-2

Huéng din: Phuong trinh twong duong véi VX2 +mx+1=2(x-1) <

x>1 X2 —8x
) ) . Phwong trinh twong dwong m= 3xT8x+3 trén mién X >1.
X“+mx+1=4x"-8x+4 X
\ 3x* —8x+3 :
Phuong trinh c6 nghiém khi duwong y =m va do6 thi y = ———— (C) c6 diém chung.
X

Vé (C) (hodc chi can 1ap bang bién thién ctia né trén [1;+o0) ):
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a4
a
w i

Ttr d6 thi thdy duong thang y =m cat d6 thi trén mién [1;+o0) khi m> -2

Vi dy 10: Tim m d€ phuong trinh |x—2|(x* —=1) =m c6 4 nghiém phan biét.

Daép so: 0<m<l4\/Z—7_20

Huéng dan: Vé d6 thi ham bac 3: y = (x—2)(x* 1) (Q).

]ﬁ 1t A
20-147

s -1+
27

[
h
t

/

Tir (C) vé& d6 thi (C’) ctia ham y = |x—2|(x* —1) nhu sau:
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+ Gitr nguyén (C) & phan bén phai duong thang X =2 (vi véi X > 2 thi 2 d6 thi c6 cling
phuong trinh)

+ L4y d8i xting phan (C) nam bén trai duong X =2 qua Ox (vi véi X < 2 thi (C’) ¢6
phuong trinh y=—f(X) )

£l
"H

ot

._.
o
e

Ttr d6 thi ta thdy duong thang y = m cat d6 thi tai 4 diém phan biét khi va chi khi

O<|"n<14\/7—_20
27

Vi du 11: C6 bao nhiéu s6 nguyén M sao cho bat phwong trinh sau dung véi moi X thude R.
log5-+log(x* +1) > log(mx* + 4x+m)

Péap s6: 2<m<3

Hudéng dan: Bat phurong trinh dtiing véi moi X € R khi thoa man dong thoi:

m>0
(1): Tap xac dinh la R Smx+4x+m>0 VxeR @{Al 0 < m>2 . Luuy m=0 khong
<

thoa man.
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(2): Bt phuong trinh tuong dwong 5x° +5>mx’ +4x+m VxeR
m-5<0

< m<3.Lueuy Mm=>5 khong thoa man.
A<0

& (M=5)%x* +4x+(M-5) <0 VXER@{

Vay, tir (1) va (2) tacd 2<m<3 .

X2

=m co
|x|+1

Vi dy 12: Tap hop tat ca cac gia tri caa tham s6 thuc M sao cho phuong trinh

dung 2 nghiém phan biét la:

A. [1;2]u{0}. B. [1;2)u{0}. C.[0;2). D.[12).
. XA s X—2
Huodng dan: Db thi ham s6 y = —— = f(X) :
X+1
T

D6 thi ham sd y = f (|X|)
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/
FT
/
Iy
— _H\ /—-’”"'_ —
£ 5 4 2 2 4 6 g
/
_P--
[
J
I
Db thi ham s§ y = ‘ i (|x|)‘
! v
J ;
/ o
/
/
-
-
- ~
— A
\//1 \\/
g e
-
EES /
_1/77
A
ot
[
|4
/
!
, s ) i 1<m<?2
Duong thang Y =M cat d6 thi ham s0 tai 2 diém phan biét < 0
m=

1.6. Tiém cdn cuia do thi ham s6

mx? +1

Vidul: Tim m d€ d6 thi hamso y=

Péap s6: m>0

c6 hai tiém can ngang.
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Hudng dan: DE c6 tiém can ngang truede tién tap xac dinh ciia ham s phai vo cic. Nén néu
m < 0 thi diéu kién mx® +1>0 < X € (X;X,) . Nhw thé khong thé c6 gi6i han ctia ham s6 tai vo
cuc duoc.

Véi m=0 thi ham s6 thanh y = X—1 dwong nhién khong c6 tiém can ngang.

1
Véi m>0,tacdé lim ————= lim —— = lim

x—>+oo\/m X—>+oo\/_ X—>to0 '\/_|X|

Vay d6 thi ham s0 c6 2 tiém can ngang khi va chi khi m>0

Vi dy 2: Tim s6 tiém can ngang ctia d6 thi ham s8 y =vX* = X+1—Xx+2

DPép s6: 1
Hudng dan: C6 lim y = 400 nén d6 thi ham s khong cé tiém can ngang vé bén phai.
- _X +1 1 3 AVN . \ A 4 «A A 3
Co limy=Ilim +2=——+2=—.Vay d6 thi ham s6 ¢¢ tiém can ngang y = —
X—>+00 X—>+oo\/X —X+1+X 2 2 2

vé phia bén trai.

NXx—-2-1

Vi du 3: Xac dinh s6 duwong tiém can cta d6 thi ham sd y =  axi3
X" —4X+

DPép s6: 1

Huéng dan: Dé thay XILrPOO y =0 (khong c6 gidi han tai am v6 cucdo X=2)nén y =0 la tiém
can ngang cta do thi.

Mau thtic 6 2 nghiém X =3 va x =1. Tuy nhién: X =1< 2 nén khong c6 gi6i han khi X —>1°.
Vay X =1 khong la tiém can ding. C6 X =3 la nghiém don, dong thoi cling la nghiém cua ti

thitc, nén nhan ttr (X —3) bi khit @ mau nén X = 3 ciing khong 1a tiém can ding. Vay do thi

ham s6 khong ¢ tiém can dung.

N2x—=1+ax+b

Vi du 4: Goi a,b 1a cac s6 thuc thod man do thi ham sé Y = khong cé tiém can

(x-1)°*

ding . Tinh T =2a+3b
Paps6: T =-2
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4 7. A o« A 1 \ “ A 2 X 2 ~ A A VN .
Huong dan: Véi diéu kién x > E thi nghiém cua mau X =1 thoa man. Nhu vay, mudn do thi
ham s6 khong c6 tiém can ding chi khi (X —1)* & mau bi khtr hét. Diéu nay twong dwong véi

o o f(1)=0 a+b+1=0 a=-1
f(x)=v2x-1+ax+b=(x-1)°g(x) C:}{f'(l)zo <:>{:|_-|-a:0 Q{bzo

Vay T =-2.

2x -1
(mx2 —2x+1)(4x2 +4mx+1

Vi du 5: Tim tap hop gid tri m dé€ do6 thi ham s6 y = ) c6 dung mot

duwong tiém can.

Pép s6: m=0

Hudng dan: Ta thay véi moi M thi bac tit nho hon bac maunén limy=0. Vay do6 thi ham s6
X—>to0

ludn c6 tiém can ngang y =0.

Ta di tim diéu kién d€ do thi ham s6 khong c6 tiém can dung.

Xét treong hop M=0 (vi nam & hé s6 bac 2), ham s& thanh y = A1 nén do6 thi khong co
X"+

tiém can dang. Vay m=0 thoa man.

Véi m#0, d6 thi ham s8 khong c6 tiém can ding khi va chi khi ca 2 phwong trinh & mau vo
nghiém. Béi chi can c6 1 phuong trinh c¢6 nghiém kép hay phan biét thi d6 thi ham s0 sé c6 it
nhadt 1 tiém can dung la 1 trong cac nghiém d6. Giai diéu kién cta 2 phuwong trinh v6 nghiém
1-m<0 {m>1

, & S med.
dm°-4<0

ta duoc
-l<mx<l1
Vay chi c6 m=0 thoa man dé bai.
7 N ~, 2 14 .7 . 2 A? A . \ ~ X - 14 - A A
Vi du 6: Tim tat ca cac gia tri cuia M dé do thi ham s6 Y = ——— ¢¢ 3 tiém can.
X* +m
m<0

Dap so:
P {m¢—9

Huéng dan: Co lim y =+1. Vay d6 thi ham s6 ludn ¢6 hai tiém cAdn ngangla y=1va y=-1.

X—>to0
Pé d6 thi ham s6 c6 dung 3 tiém can, diéu kién can va du 1a né chi c¢6 dung 1 tiém can dang.

Diéu nay phu thudc vao nghiém ctia phuong trinh X* +m=0.
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+ Néu phuong trinh v nghiém tiec M >0 thi d6 thi ham s6 khong 6 tiém can ding.

+ Néu m=0 phuong trinh c6 nghiém kép X =0 khong la nghiém ctia t&t nén c6 1 tiém can
ding X =0.

+Néu m <0 phwong trinh ¢6 2 nghiém phén biét X =£+/—m. Mudn ca 2 nghiém nay twong

g 2 tiém can ding chi khi ca 2 nghiém khac 3 (vi néu c¢6 nghiém bang 3 thi IXI_rE y =0 nén

khong 1a tiém can diing, hay c6 thé hiéu la tir n6 khit mat nhan tx /X —3 & mau). Vay
Jv-m#=3sm=-9.

m<0

Vay dap sO bai toan 1a
Ay cap {m¢—9

NX+1

(x2+3x+2ﬂx+nﬂ

Vi du 7: Tim tat ca cac gia tri caa m dé€ d6 thi ham s6 y = c6 dang hai

duwong tiém can.
bapso: m=>1

Hudng dan: D6 thi ham s6 ¢ 1 tiém can ngang y =0 véi moi M do bac cua t& nhd hon bac
ctia mau.
Mau thitc c6 3 nghiém: X=-1; Xx=-2; Xx=-m.
C6 X =-2< -1 khong thudc mién xdc dinh cta tir nén khong la tiém can dung.
1

lim y= lim =+00. Vay duong X =-1 ludn la tiém can ding.
oL ot (X4 2)WX+1(X+m) Y & &

@)
O

D6 thi ham sd ¢6 ding 1 tiém can ding khi X =—m khong la tiém can ding hodc trung X =-1
& MmL<-1eom>l
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2. MU - LOGARIT
a. D6 thi cia ham mi, logarit

Vi du 1: D6 thi hinh bén la' cua ham sd nao?

A. y=log,(x+1) B. y=log, x+1
C. y=log, x D.
y =log,(x+1)

Huéng dan: Thay X = 2;y =1 thay chi c6 ham y =log,(x+1) thod man.

Vi du 2: D6 thi bén dwdi 1a &6 thi ctia ham so nao?
A. y=In|x| B. y=|Inx|

C. y=|In(x+1)| D. y=In|x+]

Huéng din: Thay x=¢;y =1 nén chicéd thé1a y=In|x| hodc y =|InX|. Thay x=0.5 vao 2

ham thay y=1In0.5<0 trong khi @6 thi ham s& luén ndm trén truc Ox, vay y =|Inx| .

Vi du 3: Cho d6 thi cia cicham sd y=a*, y=b*, y=c* (ab,c
dwong va khac 1). Chon dap an dung:

A.a>b>c B.b>c>a
C.b>a>c D.c>b>a

Ly
y=b"

y=a*
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Huéng dan: Ké duong théng X =1 cit 3 db thi [an lwot tai 3 tungdola y=a,y=b,y=c.Tu
d6 thdy ngay b>a>c.

Vi du 4: Dau la d6 thi ham s6 y =In(x—1)

bép s6: C

Thay X=2= Yy =0 nén chi c6 th€1la A hodc C.Mait khac, tap xac dinh ciia ham s6 1a (1;+0)
nén d6 thi C thoa man.
Vi du 5: Cho d6 thi ctia ba ham s6 y =log, X,
y=log,x va y=log X (v6ia, b, ¢ 1a ba s6
duwong khac 1 cho triedc) nhw hinh vé bén. Dua
vao do thi va cac tinh chat caa lay thtta hay so
sanh cacsd a, b, c.

A.a>b>c.

B.c>a>Dh.

C.c>b>a.
D.b>a>c.

Huwéng dan: Ké duong thang y =1 cat &6 thi [an luot tai 3 diém c6 hoanh dd 1a
X=a,X=Db,X=C. T d6 thi thdy ngay b>a>c.
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Vi du 6: Cho cac ham s6 y=1log, x va y=1Iog, X c6 d6 thi vk

nhu hinh vé bén. DPuong thang X =7 cat truc hoanh, db thi
hamsd y =log, X va y =log, x Tanluot tai H, M va N. Biét
rang HM = MN. Ménh dé nao sau day la dung?

y = logpx

O/ 7 T
A.a=b’. B.a=Db’ C.a=2b. D. a="7h.

Huong dan: C6 HM =log, 7 va HN =log, 7. Vay HN =2HM < i:i
HM HN

< log,a=2log,b <a=b’
b. Phuong trinh dang chita tham s6

Vi du 1: Tim m d€ phuong trinh 4 —m2** +2m=0 c6 hai nghiém phan biét x,X, va
X +X,=3

Dép s6: m=4

Huong dan: Dt t =2* thi phuong trinh da cho ¢4 hai nghiém phan biét thoa man X, + X, =3
& phuong trinh t* —2mt +2m =0 c¢6 hai nghiém dwong phan biét thoa man t.t, = 2" =8
=2m=8 =>m=4.

Kiém tra lai thdy m=4 thoa man phuwong trinh an t c¢6 hai nghiém duong phan biét.

Vi dy 2: Tim nguyén duong 16n nhat d€ phuong trinh 25t _ (m+ 2)51+J1’7 +2m+1=0 ¢6

nghiém.

bap so: 5+1SmS25+i
3 23

Huéng din: Dit t =5%%° =t c[5;25] . Bai todn tro thanh “6im M dé& phuong trinh

2_2t+1
t? —(M+2)t+2m+1=0 cé nghiém thudc [5;25] < m= tt—t; c6 nghiém thudc [5;25].

\ : tP-2t+1
Phuong trinh nay c¢6 nghiém tuwong dwong véi d6 thi ham s6 f (t) = BrEC cat duong

thang y =m tai it nhat md diém trén [5;25]. Ma ham f (t) dong bién trén [5;25] nén diéu nay
1

] 1
: min f (t) <m<max f (t f(5)<m< f(25 54=-<m<25+—.
xay ra <:>[5;2|5] (t) max OR=216)] (25 < +3 +23
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Vi dy 3: Tim m d€ phuong trinh logZ X —(m+2)log, Xx+3m—-1=0 ¢4 2 nghiém X, X, sao cho
XX, =27.

bapso: m=1

Huéng dan: Dat t =log, X, ta c6 phwong trinh t* — (m+2)t +3m—1=0. Phwong trinh ban dau ¢4
2 nghiém x, X, khi va chi khi phuong trinh an t ¢ 2 nghiém t,,t,. Khi d¢, t, =log, x,,

t, =log, x,. Cé t +t, =l0g,(X,.X,) nén x.x, =27 <t +t,=3 <:>—E=3 &m+2=3 ©m=1.
a

Vi dy 4: Tim m d€ phuong trinh log, (4X - m) =X+1 c6 dung 2 nghiém phéan biét.

baps6: -1<m<0

Huong dan: Phuong trinh tvong duong 4 —m = 2" >0 nén khong can diéu kién xac dinh

nita. D4t t=2",t>0, ta cd t* -2t —m=0. Phwong trinh ban dau ¢6 dung 2 nghiém phén biét
A>0

chi khi phuong trinh an t ¢6 2 nghiém duong phan biét < {S>0 < -1<m<0.
P>0

Vi dy 5: Tim m d€ phuong trinh log ; (x—2)=log,(mx) 6 1nghiém duy nhét.
baps6: m>0

X>2

, - Colap m t&r phuong trinh ta duoc
mx =(x—2)

Huéng dan: Phuong trinh twong dwong {

X —4x+4
m="""—

=X— 4+ﬂ . Diéu kién phuong trinh cé nghiém duy nhat x>2 <« duong thang
X X

g AVN . \ A 4 A YN . A, A - A2 X 2 7
y=m cdat do thi ham s6 y=x-4+— trén mién X > 2 tai duy nhat mot diem. Dé khao sat duwoc
X

\ 4 A A A 7 7 .« 7. . M A aA “ A A N e
ham y=x-4+— dong bién trén (2;+w) co c6 gioi han tai +oo bang +oo nén diéu kién dé bai
X

thoa man khi va chi khi m> f(2) < m>0.

Vi du 6: Tim m d€ bat phuong trinh J2 474425 -2<m o6 nghiém

Déap s6: m=3
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Huéng dan: Bat phuong trinh m> f (X) cé nghiém khi va chi khi m> [rlnlr; f(x). Vai

f(X)=+2"+7+42" =2 (x=1). D& thdy ham f(x) dong bién trén TXD nén min f(x)= f(1) =3.

Vay m=3.

Vi du 7: Tim m dé€ bat phuong trinh J3¥+3+445-3 <m nghiém diang VX e TXD
bapso: m=>4

Huéng dan: Bat phuwong trinh m> f(X) vVxeTXD < m> max f(x). Dat t =5, bai ton
thanh m> r{gasi( g(t) voi g(t) = Jt+3++/5—t . Khao sat ham g(t) trén (0;5] sé thay ngay

max g(t)=4.Vay m>4.

(0:5]
Vi du 8: Tim m d€ bat phuong trinh 4*+2*—m>0 cé nghiém x e[ 2]
bap s6: m<20
Huoéng dan: Bat phuong trinh teong dwong m< f(x) c6 nghiém trén [1;2] < m< rHEZl]X f(x).

Ma ham f(x) dong bién trén R nén rH&ZI]X f(x)=f(2). Vay m< f(2) =20.

Vi dy 9: Tim m dé phuong trinh sau 6 nghiém 2™ — 22 4 x> _4x+m+3=0

Péap s6: m<1

Hudng din: Phuong trinh twong duong véi 2° ™ + (x2 —3x+m) = 22 +(x—3) < f(a) = f(b)
vGi f(x)=2"+x va a=x*-3x+m, b=x-3. Viham f(x) dong bién trén R nén phwong trinh

twong dwong voi a=b tikc X* —3x+m=x-3 < x* —4x+m+3=0. Phuong trinh nay c6
nghiém < A'>20 & m<1.

Vi du 10: Tim m d€ phuong trinh sau c6 dung 1 nghiém 2017 h-amet _ 9017%2

+A/X*=3mx =x+3=0

Daép s6: %Sm<2.

Huéng din: Phuong trinh tuong duong véi 2017 ™ 4 /X% —3mx +1 = 20172+ (x—2)
o f@)=f(b) voi F(X)=2"+x va a=+x2—3mx+1, b=x—2.Viham f(x) dong bién trén R
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X>3

nén phuong trinh twong dwong véi a=b tic VX°-3mx +1=x-2 < ) ) .
X" —3mx = X" —-6x+9

Phuong trinh twong duong v6i (M—2)X =—3. Phuong trinh nay phai c6 nghiém X>2.

Véi m =2, phuong trinh vd nghiém nén khong thoa man dé bai.

V6i m# 2, phuong trinh ¢6 nghiém X = —i. Nghiém nay thoa man dé bai khi — 3 >2

m-—2 m-—2

<:>1£m<2.
2

Vi du 11: Tap nghiém ctia bat phuong trinh 2™ — 2 < x2 —(m+1)X+1 nghiém ding véi

moi XeR
béap s6: -3<m<1

Hudng din: Bat phuong trinh twong duong 2™ +(Mx—1) < 2¥ *+x2—x <2 +a<2"+b vdi
a=mx-1va b=x*-x.Doham f(x)=2"+x dong bién trén R nén bat phwong trinh twong
dwong véi a<b hay mx—1<x*—x < x* —(m+1)x+1>0. Bat phwong trinh nay nghiém dung
voimoi XeR <©A<0 < -3<m<l.

Vi du 12: Tap nghiém cuia bat phuong trinh (X+4).9* — (x+5).3" +1< 0 la?

béap s6: S =(-10)

3 =1
x x=0
Huwong dan: Xét phuong trinh (X +4).9° —(x+5).3°+1=0 < 1 < {

X = — = —1
X+4
Xét dau f(x)=(x+4).9"—(x+5).3“+1
X —00 -1 0 +00
f(X) + 0 - 0 +

Vay S =(-10)
Vi du 13: Tap nghiém ctia bat phuong trinh 4% + (x2 —7).2 +12—-4x% <0

Pap s6: S = (—/2;-1) U (L+2)
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2

2 2 2 =4 -+
Huwéng dan: Giai phuong trinh 4% +(x* —7).2° +12-4x* =0 < [ 2 o {X _1/5
=3-X X

2 =+
Xét dau:
X —0 2 1 1 J2 +90
f(x) + 0 - 0 + 0 - 0 +

Tap nghiém S = (—2;-1) U (L2)
c. Bai toan thuc té

Vi du 1. Anh Viét mudn mua mot ngdi nha' tri gia 500 triéu dong sau 3 ndam nuwa. Vay ngay tie
bay gio Viét phai gui tiét kiém vao ngan hang theo thé thirc 13i kép la bao nhiéu tién dé€ c6 du
tién mua nha, biét rang 1ai suat hang ndm van khong ddi la 8% mot nam va'lai suat dwoc tinh
theo ky han mét nam? (két qua lam tron dén hang triéu)

A. 397 triéu dong. B. 396 triéu dong. C. 395 triéu dong. D. 394 triéu dong.
Huong dan: Goi S, 1a sd tién Viét giri ngan hang. Vi chi giri 1 1an nén s6 tién nay trai qua 3
nam theo hinh thtic 1ai kép sé thu vé s6 tién ca gc 1an 1ai la: S, =S,(1+r)*, véi r =0.08. Vay
S, =500 <500=S,(1.08)° < S, = % =396.961 triéu dong.
Vi du 2. Anh Nam gtri 100 triéu dong vao ngan hang Vietcombank. Lai suat hang ndm khong
thay doi la'7,5%/nam va duoc tinh theo ky han mot ndm. Néu anh Nam hang ndm khong rat 1ai
thi sau 5 nim s& tién anh Nam nhan duoc ca von 1an tién 13i la' bao nhiéu? (két qua lam tron dén

hang ngan)
A. 143562000 dong. B. 1641308000 dong.
C. 137500000 dong. D. 133547000 dong.

Huéng dan: Dang toan giti mot an nén sau 5 ndm s6 tién anh Nam nhan dwoc ca von 1an 1ai 1a
S, =S,.1+r)° =100x1.075° =1.435.629,326 d

Vi du 3. Su tang tredng ctia mot loai vi khuan tuan theo cong thite f(x)=A.e™, trong d6 A la
s8 lugng vi khuan ban dau, r1a ti 1é ting trudng (r > 0), x (tinh theo gio) la thoi gian ting truong.

Biét s& luong vi khuan ban dau ¢ 1000 con va sau 10 gio la 5000 con. Hoi sau bao lau thi s&
lwgng vi khudn tang gap 25 lan?

A. 50 gid. B. 25 gid. C. 15 gio. D. 20 gid.
Pap an: Ta c6 5000 =1000.6""" = €"" =5 ; do d6 s8 lwong vi khudn ting gap 25 l4n thi
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X _ 25 o g™ :(elor)z < Xx=20

Vi du 4. Tilé tding dan sd hang nam & Viét Nam duoc duy tri 6 murc 1,05%. Theo sd'liéu cia Tong
Cuc Thong Ké, dan s6 cuia Viét Nam nam 2014 1a' 90.728.900 nguoi. Véi toc do tang dan s6 nhu
thé thi vao nam 2030 thi dan s& cua Viét Nam la bao nhiéu?

A. 107232573 nguoi. B. 107232574 nguoi.
C. 105971355 nguwoi. D. 106118331 nguwoi.
Huéng dan: Tuong tw bai toan 1ai kép giri 1 lan. Sau 16 ndm dan s§ Viét Nam khoang

S, =90.728.900x1.0105" =107232574 nguoi.

Vi du 5: Mot cong nhan lam viéc cho mot cong ty duoc tang lwong ctt 3 nam tang 10% so voi

mtrc lrong triede. Anh ta mdi thang trich ra 20% lwong ctia minh hang thang dé g tiét kiém

theo hinh thirc 1ai kép 6%/thang thi sau 48 thang anh ta thu dwgc 100 triéu tién 1ai tir ngan

hang. Hoi lwong khoi diém cta anh ay 1a bao nhiéu?

bép s6: x =39.32126263

Huéng dan: Goi luong khoi diém ctia anh cong nhan 1a X thi 36 thang dau moi thang anh ta
v SA X 4 4 n A A \ ? \

glti vao ngan hang so tién 5 Do d¢, sau 36 thang s0 tién trong ngan hang ctia anh ta la:

37
836:§(l+r) +.. +5(1+r) :§(1+r) r_(1+r)

Tt thang th 37 dén hét thang 48 (12 thang) lwong anh ta tang 10% tic 1,1X nén anh ta gii
1,1x ;o A T , .
vao ngan hang hang thang ’? Vay, sau 48 thang s0 tién trong ngan hang ctia anh ta la:

11x (1+71)° —(L+1)

Sue =S (1+ r)12 151)X((1+ r) +(1+ r)11+...+(1+ r)) =S,.(1+ r)12+

x (1+r)° —(L1+1)° L LIx (1+r)" —(1+r)

5 r 5 r
Vay s0 tién 1ai anh ta thu dwgc la
49 13 13
F:l(l—l_ ry” —(1+r) LI (1+r)" —(1+r) gpX gl
5 r 5 r 5 5

Giai phuong trinh F =100 = x =39.32126263 triéu

Vi du 6: Mot nguoi lan dau giii vao ngan hang 100 triéu dong véi ki han 3 thang, 1ai suat 2%
mot quy theo hinh thic 1ai kép. Sau dung 6 thang, nguwoi d6 gui thém 100 triéu dong voi ky
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han va lai sudt nhu truede d6. Tong so tién nguroi d6 nhan duoc 1 nam sau khi gui tién la bao
nhiéu?

Dép s6: 212,283 triéu
Huwéng dan: 100 triéu [an dau trai qua 4 chu ky nén ca von 1an 1ai thu duocla 100.(1+ 2%)* .

100 triéu guri Ian 2 trai qua 2 chu ky nén s6 tién thu duoc 1a 100.(1+ 2%)> . Vay tong sd tién
nhan duoc 1a 100.(1+ 2%)* +100.(1+ 2%)* ~ 212,283 triéu dong.

Vi du 7: Mot nguoi gii vao ngan hang 100 triéu dong véi 1ai suat ban dau 4% /ndm va 1ai hang
nam dwgc nhap vao von. C sau mot nam 1ai sudt tang 0,3% so véi nam truede. Hoi sau 4 nam
tong sO tién nguoi d6 nhan dwoc bao nhiéu?

Dbap s6: 117.067 triéu dong.

Huéng dan: Gui 1 [an véi cac 1ai suat khac nhau thi sau n chu ky, 8 tién ca goc 1an 1ai 1a

S, =S,(L+r)(L+r,)---(L+r,). Vilii suat taing 0.3% mdi nam nén r, 1a cdp s6 nhan cong boi

g =1.003. Vay s tién sau 4 ndm ngwdi nay nhan dwoc 1a S, =100(1+r)1+4q.r) @1+9°r)(L+9’)
=117,067 triéu dong.

Vi du 8: Mot nguoi di mua chiéc xe mdy voi gia 90 triéu dong. Biét rang ¢t sau mot nam gia tri
cua chiéc xe chi con 60% . Hoi sau bao nhiéu nam thi gia tri chi€c xe chi con 10 triéu.

bap s6: 4.3 nam
Huéng dan: Goi thoi gian can tinh 1a t (ndm) thi: 10 =90.(0,6)' <>t ~ 4,3nim.

Vi du 9: D6 chan dong M cua mot con dia chan dwoc do bang thang Richter xac dinh boi cong

0

I
thuc: M = log [I—], trong do’ I la’bién d6,t6i da dwoc do bang dia k& chan, I, la'bién do,
chuén. Tinh d6 chan dong theo thang Richter tran dong dat o California (My) ndm 1992 co
bién d6,t6i da I = 3,16.107 I (tinh chinh xdc téi hang phan trdm).
bap s6: 7,5 Richter
Huéng dan: Thay vao cong thic thoi!

Vi du 10: Anh Nam mong mudn rang sau 6 nam s€ c¢d 2 ty d€ mua nha. Hoéi anh Nam phai g
vao ngan hang mot khoan tién tién tiét kiém nhu nhau hang nam gan nhat véi gid tri nao sau
day, biét rang lai sudt ctia ngan hang la 8% /nam va lai hang nam dwgc nhap vao von.

Dép an: Goi s0 tién anh Nam can gi hang nam la m (triéu dong). Ta co:

m(1+8%)°® + m(1+8%)° +m(1+8%)" + m(1+8%)° +m(1+8%)> + m(1+8%) = 2000
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m{(1+8%)(1—(1+8%)6)

=2000 < m ~ 252,436 triéu dong.
1-(1+8%)

Vi du 11: Mot ngudi mudn sau 4 thdng c6 1 ty dong dé xay nha. Hoi nguredi d6 phai gtri moi
thang la bao nhiéu tién (nhw nhau). Biét 1ai sudt 1 thang la 1%.
Dap an: Goi s0 tién can giti hang thang la m (triéu dong). Ta co:

mM(L+1%)" + m(1+1%)* +m(1+1%)* + m(1+1%) =1000

{(1+1%)(1—(1+1%)4)

=1000 << m = 243,843 triéu dong.
1-(1+1%)

Vi du 12: Ba Nguyén vay ngan hang 50 triéu dong va tra gop trong vong 4 nam vai 1ai suat
1,15% mdi thang. Sau dting mot thang ké tir ngay vay ba sé hoan no cho ngan hang va s tién
hoan no mdi thang 1a nhir nhau. Hoi mdi thang ba phai tra bao nhiéu tién cho ngan hang?
bap s6: 1,36 triéu

Hudng dan: Goi T, 1a s6 tién con lai sau thang tht n va m (triéu dong) 1a s6 tién ba Nguyén

phai tra cho ngan hang mdi thang. Ta cé:
S6 ng 50 triéu sau n chu ky thanh khoan no 50(1+r)" véi r =1,15% .

Sau 1 thang k€ tir ngay vay, tra ng m triéu, s6 tién nay sau n-1 chu ky thanh khoan tra:
m@+r)"*
Lan 2 trd no cling M triéu sau n-2 chu ky thanh khoan tra m(L+r)"?. Tuong tw dén khi tra lan
n-1
cubi M triéu. Vay so tién con ng sau khi tra [an cudi la: T, =50(1+r)" — Z m(L+r)”*
X=0
Do ba tra gép trong 4 ndm nén T,, =0 <> 50.(1+1,15%)* =m.(1+1,15%)" +...
(1-(1+1,15%)*)
1-(1+1,15%)

+m.(1+1,15%) + m <> 50.(1+1,15%)* = m. < m~1,36 triéu dong.
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3. NGUYEN HAM - TiCH PHAN

a. Dboi bién so dac biét

- Ap dung cong thiec ham hop bac nhat: | = I f (ax +b)dx = F(ax+b) e
a

Vidu 1: Cho [ f(x)dx=2. Tinh | = | f (2x+1)dx
Dép s6: 1
Huéng dan: Goi F(x) 1a mot nguyén ham ctia f(x) thi gia thiét cho ta F(3)~F(1)=2. Can

1
tinh | = [ f(2x+1)dx = % F(X)

0

:%(F(S)—F(l)) -1,

1
0

Vidu2: Cho [, f(5x)dx=2. Tinh | = | f (x)ax
bap s6: 10

l 1
Huéng dan: Goi F(x) 1a mot nguyén ham cta f(x) thi gia thiét cho ta c F(x)| =2

0

& F(5)—F(0)=10. Can tinh | = F(5)—F(0), vay | =10.

Vi du 3; Cho |, f (x)dx =2. Tinh | = [ * f (sin 2x) cos 2xdx

bap so: 1

Hudng dan: Goi F(x) 1a mot nguyén ham cta f(x) thi gia thiét cho ta F(1)—F(0) =2.
1 1
Xét can tinh | : Bat t =sin2x = dt = 2cos2xdx, d6i cAn mdi duoc | = E'[ f(t)dt
0
1
:E(F(l)_ F(0)) =1.

Vidud:Cho [ f(e")edx=4.Tinh I = f (x)dx

Dép s6: 4
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Hudng dan: Goi F(x) 1a mot nguyén ham caa f(x). O gia thiét dat t =e* ta cd

2
4= f(t)dt=F(2)—~ F(1). Céi can tinh | =F(2)—F(1) nén | =4.
1

1 3 3
Vi du 5: Cho jo f(x)dx =2 va jo f(x)dx=5. Tinh | :L f (x)dx

bap s6: 3

Hudng dan: Goi F(x) 1a mot nguyén ham cta f(x) thi gia thiét cho ta: F(1)—F(0)=2 (1) va

F(3)—F(0) =5 (2). bai lwgng can tinh chinh la | = F(3)-F(1). Vay lay (2) — (1) dwoc | =3.
1 3 5

Vi du 6: Cho jo f(x)dx =2 va jl f(2x—-1)dx=2.Tinh | = jo f (x)dx

bap s6: 6

Hudng dan: Goi F(x) 1a mot nguyén ham cta f(x) thi gia thiét cho ta: F(1)—F(0)=2 (1) va
3

%F(Zx 1) =2 < F(5)—=F(1) =4 (2). Can tinh chinh 13 | = F(5)— F(0) . Vay céng (1) va (2)

1

duoc | =6.

Vi du 7: Cho [ f (sin2x)cos2xdx =1 va [ (-x+1)dx=2. Tinh | = [ f (x)dx

bap so: 4

Huong dan: Goi F(x) 1a mdt nguyén ham ctia f(x) thi gia thiét cho ta:
1

%jf(sin 2x)d(sin2x) =1 @%F(sin 2X) F(-x+1)
0

3

=2
1
< F(-2)-F(0) =—2 (2). Dai luong can tinh chinh la | = F(1) - F(-2). Vay lay (1)-(2) dwoc
1 =4.

‘L1 e FQ)-F(0)=2 (1) va
0

) b b
- Ap dung cong thirc tirng phin: _[ uv'dx = uv|z —I v.u'dx

Vidu 1: Cho [ (x+1) f'(x)dx=10 va 2f (1) - £ (0)=2. Tinh | = [ f (x)dkx

bép s6: | =-8
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Huéng dan: Ap dung cong thitc tig phan véi u=x+1 va v = f'(x), ta cé:

10:j(x+1)f'(x)dx:(x+1)f(x)|§)-jf(x)dx:2f(1)—f(0)—| =2-1 =1=2-10=-8
Vi du 2: Cho [ (5x+1) f (X)dx =6 va 67 (1)~ (0)=3. Tinh | = [ f (x)dk

3
Papso: | =——
P 5

Huéng dan: Ap dung cong thirc tling phan véi u=5x+1va v = f'(x), ta c6

6= (5x-+1)f ([, ~5[ f ()dx =6f () — £ (0) ~51 =3-51 = | =—g.

Vi du 3: Cho [, (5x-+1) f '(2x)dx =6 va 3 (2)—% f(0)=3.Tinh I = | f(x)dx

12
Papso: | =——
P 5

Huéng dan: Ap dung cong thitc ting phan véi u=5x+1 va v/ = f/(2x) ta c6
fex)| 5

6=05x+1)— ——
Ex+)=57 -

I 1 5 ¢ 5 ¢
!f(zx)dx :3f(2)—§f(0)—§£f(2x)dx :S—E_C[f(Zx)dx

Vay !f(zx)dx:%6 %(F(Z)—F(O)):%6 :F(Z)—F(O):—%

Ma | :j'f(x)dx =F(2)-F(0). Vay | =—%.

Vi du 4: Cho [ €. '(x)dx =5 va e.f (1)~ f(0) =2. Tinh | = [ &*.f (x)dx
bapso: | =-3
Huoéng din: Ap dung cong thirc tling phan cho U=¢e* va v'= f'(X) tacé 5= jolex. f'(x)dx

:eXf(x)\z—jeXf(x)dx —5=ef()-f(0)-1 =1=2-5=-3
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Vi du 5: Cho j:e3X.f (2x)dx =5 va %(e3.f(2)— £(0))=1. Tinh | = j:e3Xf(2x)dx

8
Papso: | =——
P 3

Huéng dan: Ap dung cong thitc tig phan cho $u=e”{3x}$ va $v\ prime=f\ prime (2x)$ ta c6

'3 3

L s o . f(2x e 1 3
5:j0e3 f@2x)dx =¢° %O_Eﬁ f (2x)dx =§(e3.f(2)— f(O))—EI =1-21

=1=—.
3

Vi du 6: Cho G(X) 1a mot nguyén ham ctia ham g(x) va 3G(1) —G(0) =3. Biét

[} 2x+1).9(x)dx =5. Tinh | = jG(x)dx.

bapso: | =-1
Huéng dan: Ap dung cong thitc tiing phan véi U=2x+1 va v'=g(X) ta co

5:f3(2x+1).g(x)dx:(2x+1)G(x)|z—2j.G(x)dx =3G()-G(0)-21 =3-21 =1=-1

- Ap dung cong thirc G(X) = V(IX) f(t)dt = G'(x)=f (v(x))V'(x)— f (u(x)).u'(x)
u(x)

Vi du 1: Cho G(x) = [ sin+/tdt . Tinh G'(X)
0

Dép s&: 2xsin|x|

Huéng dan: G'(x) :sin\/x_z.(xz)' =sin|x|.2x =2xsin|x]

2X
Vi dy 2: Xac dinh cyec tri cua ham s6 G(X) = _[t Intdt véi x € (0;-+x)
X

Dép s0: cuc ti€u tai X=—=

232
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x=0 (I)
Huéng ddn: C6 G'(X) =2xIn2x.2—-xInx =x(4In2x-Inx). G'(x)=0 < Lo Lo
232

Dé dang kiém tra thdy ham s6 dat cuc tidu tai X =

1
232
Vi du 3: Cho bidt j f (t)dt = x.cos(zX). Tinh f (9)

0

1
Pép so6: —=
PO

XZ

Huéng dan: Dat G(X) = x.cos(7zX) =I f(t)dt = G'(X)= f(x*).(x*) = f(x*).2x. Vay

0

G'(3)=6.(9) = f(9)= %%(x.cos(ﬂx))

=-1.Vay f(9) :—%

x=3

- Ap dung cong thirc dic bit I: f(x)dx = J.: f(a+b—x)dx

Vidu 1: Cho ham s6 f(X) lién tuc trén R va thoa man f(—Xx)+2f(X) =cosx, Vxe R. Tinh

3
| = j f (x)dx
3
2
Papso: | ==
ap so 3

2
Huéng dan: Ap dung cong thikc I: f(x)dx = I: f(a+b—x)dx,taco | = I f (x)dx

T

2
z
2

f(0-x)dx = j f (=x)dx .

T

2

|l
L L

NN
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[ N

2
T f(—x)+2f(x)=cosx, Vxe R = j(f(—x)+2f(x))dx: cosxdx =3l =2 :>I:§

NI

2

Vi du 2: Cho ham s& f(X) lién tuc trén R va thoa man f(x)+ f(—x) =+2+2c0s2x, VXxeR.

3z
2

Tinh | = j f (x)dx
3
T2

bapso: | =6

3z

2
Huéng dan: Ap dung cong thikc I: f(x)dx = I: f(a+b—x)dx, taco | = I f (x)dx

3z

2

3z 3z
= j' f(0—x)dx = Jz. f(=x)dx .
kY4 3z
2 2
3x 3z
Tu f(—x)+ f(X)=+v2+2c0s2X, VX e R = _2[ (f(—x)+ f(x))dx = j \J2+2c0s 2xdx
3z 3z
2 2

=21=12 =1=6

X

Vidy 3: Choham s f(X) lién tuc trén R va thoaman f(x)+ f(1-Xx)=— T Tinh
X"+

| = jol f (x)dx

, In2
Papso: | =—

Huoéng dan: Ap dung cong thirc I: f(x)dx = I: f(a+b—x)dx,taco | = Jj f (x)dx

=[ f@-xax .

1
Tt gia thiét suy ra 21 :J. 2X dx :In_2 = | :In_2
o X +1 2 4
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Vi du 4: Cho ham s§ f (X) lién tuc trén R va thoa man f(X)+2f(5—X) = x¢/25—%* . Tinh

5
| = jo f (x)dx
bap so: | =%

Huéng dan: Ap dung cong thikc j: f(x)dx = I: f(a+b—x)dx,taco | = J-; f (x)dx

= [ f(5-x)dx .

5
Tt gia thiét suy ra 3l :IX\/25—X2dX =1275 =1=—

0
Vi du 5: Cho f(X) 1a ham chan lién tuc trén R va I: f(X)dx=2.Tinh | = Jlll f (x)dx
bapso: | =4

Hudéng dan: Str dung tinh chat “néu ham f(x) 1a ham chan thi I f(x)dx = ZI f (X)dx” nén ta
0

—a

congay | =4
) s \ .2 , ¢ (%)
Vi du 6: Cho f(X) la ham chan lién tuc trén R va IO f(X)dX:3.T1nh|:I - 1dX
e +

bapso: | =3
Huéng din: Ap dung cong thic [ f(x)dx = [ (a+b—x)dx tacél—iﬂdx

g dan: Ap dung cong . . , Jo
2 2 2 X
= j f_(x_x)dx= | #dx (do ham chin) = j 2 f(x)dx .
527 +1 ] 2" +1

2X

2= [0 0 12 gk = [ F(0dx =2[ FO0dx = 1 = [ F(dx =3
Va =|——0X +| —T1T(X)aX = X)ax = X)aXx = X)ax =
fy 20= [0+ [ 5o F00dx = ] 10odx =2 Fdx = 1= 109

1

. f

Vidu 7: Cho () la ham chin lién tuc trén R va |
-1

X

(x) , i
dx =10. Tinh | :jf(x)dx
+1 0

Dap s&: 1 =10
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2X+1
L f(=x) Lf(x) T A
=I ——dx 2.[ dx (do ham chan) =J — f (x)dx.
Y2741 21 Y24 +1
2X

1 f(X) 1 2x 1 1 1
Vay 20=_jlﬁdx +jzx—+lf(x)dx = [ f(x)dx =2£f(x)dx :>I=_([f(x)dx =10

-1 -1

S|n2017

Sin2017 X+C0$2017

Vi dy 8: Tinh tich phan | = dx

ot—m N

T
Papso: | =—
P 4

Huéng dan: Ap dung cong thirc Ib f(x)dx = Ib f(a+b—x)dx, taco

T T 2017 7T T
> . Py SIn ——X -
| = j sin®" x dx — JZ- ( 2 j dx — -2[ cos?’ x dx
- 2017 2017 - - 2017 - 2017
Sin X+ COS X CcOS X+SINn X
0 0 g5jn?’ X |+ cos®’ X 0
2

2 2017 2 2017 2
R Sin X CcOS X T T
Vay 21 =1 +1 :_[ - 2017 2017 o dx +_[ 2017 2007 dx :dez_ ===
5 SIN“™" X+ cos Cos™" X +sin 0 2 4

Vidu 9: Cho ham s& f(X) 1én tuc trén R thoa man I f(sinx)dx=5. Tinh | :.[x.f (sin x)dx
0 0

5Y/4
Papso: | =—
P 2

Hudéng din: Ap dung cong thirc I: f(x)dx = I: f(a+b—x)dx,tacod | = J.X. f (sin x)dx
0

:_T(yz—x).f(sin(n—x))dx :]Z‘(n—x).f(sinx)dx :72']{1:(3"1 x)dx —Tx.f(sinx)dx =571

0

=21 =57 :>I:5—7Z
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Vi du 10: Cho ham s6 f(X) 1én tuc trén R thoa man I f(sinx)dx =5. Tinh
= j(zx +1). f (sin x)dx
0
Dap s6: | =5(7+1)

Huéng dan: Ap dung cong thikc I: f(x)dx = I: f(a+b—x)dx,tacod | = J.(ZX +1).f (sin x)dx
0

O'—oﬁ

(7 —x)+1).f (sin(z —x))dx =T(27z—2x+1).f(sinx)dx :T(2ﬁ+2—2x—1).f(sinx)dx
:(2n+2)jf(sin X)dx —]r'(2x+1).f(sin X)dx =10(7z+1) -1 =21 =10(7+1) = | =5(7r+1)

Vi dy 11: Cho f(X) 1a ham lién tyuc trén [0;3] va f(x)f(3—X) =1 véi moi x €[0;3]. Tinh

£1+f(x)
3
Papso: K ==
ap so >
. b b : dx
Hu’(’ingdén:Apdungc@)ngthl'rcj f(X)dX:j f(a+b—x)dx, taco K:I
a a o1+ ()
3 d 3 3
=K=|——— -
J.1+f(3 X) ;'; (x) '([1 + f(3—x)
3 3
N 2+ f(x)+ F(3-x) dx=j2+f(x)+f(3_x)dx ~ [dx=3 (do
o1+ F(X)+ f(3=x)+ f(x).f(3—x) 52+ f(x)+ f(3-X) 0

F(x)f (3—X) =1). Vay 2K:3:>K:g

b. Ung dung

- Thé tich biét di¢n tich thiét dién

Vi du 1: Tinh thé tich khdi gi6i han boi 2 mit phang X =0, X = 7 va thiét dién cat boi mat
phang vudng géc véi Ox 1a duwong tron ban kinh +/sin x .

Trang 61




ThS. Luc Tri Tuyén — Béi dudng KT va LTPH — Cau Gidy — Ho Tung Mdu PT: 0972177717

Péaps6: V =27
Hudng dan: Dién tich thiét dién 1a S(X) = ar’ = z.sinx. Vay V = Iﬂsin xdx =2r.
0

Vi du 2: Tinh thé tich khoi gidi han boi 2 mat phéng X =0, X =4 va thiét dién cit boi mit

phang vudng géc véi Ox 1a hinh vuong c6 canh 1a x.€*.

8
Dép s8: V =6.8° + e -1

2
Hudng dan: Thiét dién 1a hinh vudng canh x.e* nén dién tich thiét dién 1a S(x) = (x.ex) . Vay

4 2x [4 4
Iezx.xdx _8e®—| xS —lfezxdx =8.e%-2¢68 +1er
5 2 . 5 4

2x 4

4 o 4
\Yj :Ixz.ezxdx =x2_—| -
0

2 2

0 0

—6.6°+ e’ -1

Vi du 3: MOt vat 6 kich thwdce va
hinh dang nhu hinh vé dudi
day. Day la hinh tron gidi han
béi duong tron Xx°+y® =16
(nam trong mat phang Oxy), cat
vat boi cac mat phang vuong goc
vl truc Ox ta dwoc thiét dién la
hinh vuéng. Tinh thé tich ctia vat
the.

phang thiét dién vuong géc véi Ox. L
Tacé AM =+JOA? —OM? / o L
= m = AB = zm ‘/--—""s-

= S(x)=4(16-x) . Vay N/ M

. 1024
v =j4(16—x2)dx ==

-4

Huong dan: Goi X 1a vi tri mat / | \
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Vidu 4: Mot vat cd kich thude va
hinh déang nhuw hinh vé dudi — T
day. Day la hinh tron gidi han -
boi duong tronx® +y® =16 y
(nam trong mat phéng Oxy), cat / -
vat boi cac mit phang vuong [-

goc voi truc Ox ta duogc thiét <
dién la tam giac déu. Tinh thé \\_ v
tich ctia vat thé B ———

bapso:V = @
Huwdng dan :
bat OM =X suy ra
AM =+/16-X°
= AB =2V16-x* . Do thiét
dién la tam giac déu nén

2
S(x) = ?(2 16— X2 )
=/3(16-x*) . Vay

v = [ 316 )ax = 22043

2

Vi dy 5: Tinh th€ tich phan boi dam trong hinh vé
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o 2
Déap s6: V = E(ha —§h3j
Huéng dan: Xét toa 6 nhu hinh vé. Bai toan tro

thanh xoay dwong tron quanh Ox. Do d6, thé
tich can tinh dwgc tinh theo cong thirc

V= 72'_[ (R?—x*)dx

/
(L)) o[ 2 \

Vi du 6: Tinh thé tich khoi in dam trong hinh vé sau

bépsd: V = % Ritana
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Huéng dan: Gan toa do nhw hinh. Xét mat phang qua M
vudng gdc véi Ox tai M, cat khdi can tinh thé tich theo
thiét dién la tam giac vudng SHM vudng tai H. Ta ¢
=yJOH?-OM? =VR?-x* = SH = MH.tana
(trwong hop nay a = 45°). Vay dién tich thiét dién

()= ZSH.MH = tana.MH® zltanoz(R2 -x*) . Vay
2 2 2

V= TS(x)dx tana j(R2 X?)dx

_lana (2R3 1(2R3)) _’Ritana.
2 3 3

Vi dy 7: Hinh chiéc phao boi hinh xuyén véi ban kinh vong trong la 1 = 25 cm, ban kinh vong
ngoai R =50cm. Tinh thé tich cuia chiéc phao boi

2
Pép s6: V =277 RZrY(REr
2 2

Huong dan: Goi d 1a khoang cach tir tim hinh xuyén dén tdm dudng tron thiét dién va r, 1a

ban kinh dwong tron thiét dién, thi ta c6 cong thikc

2
V:7r|’tz.27rd :Zﬂz[R_rj (R—‘_rJ.
2 2

Vi du 8: Mot chiéc chao tron xoay 6 thiét dién qua truc la
parabol nhu hinh vé. Tinh thé tich chiéc chao.

bapso: V = %IZ'RZh
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Huéng din: Gin hé toa dd nhw hinh vé thi dé dang lap A

R
duong phuong trinh Parabol lay = W\/; . Xoay

Parabol nay quanh Ox dwoc khoi tron xoay can tinh.

. R’ 1 oo
Vay V ZﬂI—XdX =—7R°h .
o h 2

~

- Vit tron xoay

Vi du 1: Cho hinh phang H giéi han béi cdc duong: y = xInx,y = 0,x = e. Tinh thé tich kh&i
tron xoay tao thanh khi H quay quanh Ox.

Dap s&: V = %(5& -2)

b
Huéng dan: Ap dung cong thikc V = ﬂ'j. f?(x)dx. C6 xInx=0< x=1. Vay

1

e e 3° e
Vv =7rj'(xlnx)2dx =7rflen2xdx n[lnzx.% —%IszlndeJ
1 1 1

27

—%szdxj :7[—eg+2—”(e3 —1) :1(5e3 —2)

Vi du 2: Cho hinh phang gidi han béi cac duong y=+4—x*, y= %Xz quay xung quanh truc

Ox. Tinh thé tich cua khdi tron xoay tao thanh.

Pap s6: V = % T
5
Huong dan: Thay ca hai d6 thi cung nam mot phi so v6i Ox (do cing duong). Hoanh d¢ giao
Ve
diém 2 46 thila x=4+/3.Vay V =7 J' (4—X2)—%x4 dx ﬂ‘&/—_? _ 295x/§ﬁ
B
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Vi du 3: Goi (H) 1a hinh phéang giéi han boi hai @6 thi y = —x? + 4x,y = x + 2. Tinh thé tich
khdi tron xoay c6 dwgc khi xoay (H) quanh Ox.

bép s6: V =6?7T

Huéng dan: Xét phuong trinh hoanh d6 giao diém —X* +4X=X+2 <> x=1Lx=2 . Trong

2
khoang (1;2) ca 2 &6 thi déu nam trén Ox nén ta cd: V = 7Z'J. (—X2 + 4X)2 —(x+2)?
1

dx \ 57
5

Vi du 4: Goi (H) 1a hinh phang gii han béi cdc duong y = Inx,y = 0,x = 2. Tinh thé tich khéi
tron xoay co duoc khi xoay (H) quanh Ox.

Dap s6: =7(2In°2-4In2+2)

Huoéng dan: Giai phwong trinh hoanh d¢ giao diém Inx =0 <> x=1. Ap dung cong thtec thé
2 2
tich ta cé: V = ﬂj(ln x)"dx = 7{x.ln2 x‘z — ZIIn xdxj = 7r(2ln2 2—-2(xInx - x)‘z)
1 ' 1 '
=7(2In*2-4In2+2)
Vi dy 5: Goi (H) 1a hinh phéng gi6i han béi d6 thi ham s8 y = /9 —(X —1)2 va tru hoanh. Tinh
thé tich khoi tron xoay tao thanh khi quay (H) quanh Ox.
bapso6: V =36r.
Hwéng dan: Phuong trinh hoanh dd giao diém /9-(x—1)° =0 < x=-2;x=4. Vay thé tich

4
khdi tron xoay bang V = 72'.[ (9 —(x-1)° )dx =367 .
-2

- Hinh dang do6 thi va dién tich

Vi du 1: Xac dinh cong thiic tinh dién tich phan boi den trong phan do thi sau
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c b
Dép s j f (x)dx — j f (x)dx
b a

c b c
Huéng dan: 4p dung cong thic S = _ﬂ f (X)| dx = H f (X)| dx + “ f (X)| dx . Pha ddu gai tri tuyét
a a b
c b
d6i ta dwoc S = j f (x)dx — j f (x)dx
b a

Vi dy 2: Cho d6 thi ham s8 y = f '(X) c6 d6 thi nhu hinh vé. Hay so sanh f (a), f(b), f(c)

|
Pap s (0)> f(a) > f (b)
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Huwéng dan: Phan d6 thi nam trén truc hoanh tng véi y >0 <> f '(X) > 0, phan nam dudi truc
hoanh ting véi ¥y <0<« f'(X) <0. Nhu vay nhin A
vao d6 thi ctia f'(X) ta xét dau duoc f'(x) tx do

suy ra ham s dat cuec dai tai @ va €, cuc tiéu tai b f y=£'()

(hodc dya vao sy d6i dau tir + sang — ctia f'(x) dé s,

biét cuc dai, cuc ti€u nhé!). Vay f(a), f(c) > f(b). b )
a < ”

Chi con phai so sanh f(a) va f(c) . Taco S1

f(c)-f(a) :j f (x)dx :j'f(x)dx+j‘f(x)dx
=S,-5>0 .;éy f(c)> ;(a).

Vi du 3: Xac dinh cong thiic tinh dién tich phéan t6 dam trong hinh sau

L

3 4
Dép s6: j f (x)dx + j g(x)dx
0 3

Huoéng dan: Chia hinh phang can tinh thanh hai phan:
(1) giéi han boi d6 thi y= f(x), y=0, x=0 va x=3.

(2) giéi han boi d6 thi y=g(x), y=0, x=3 va Xx=4.
3 4

Vay dién tich can tinh 1a tdng dién tich hai phan trén, do d¢é: S = j f(x)dx + j g(x)dx
0 3

Vi du 4: Tinh dién tich hinh phéang gii han boi Parabol c6 kich thudc nhu hinh sau
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®)

bapso: S = gah

Huwéng dan: Dé dang lap duoc phuong trinh Parabol 1a y = —12 X’ +h.Vay
a

S=j(—ﬁ2x2+h)dx :%ah.
s\ a

Vi du 5: Tinh dién tich hinh phang giéi han boi phan to dam trong hinh sau

bapso: S = Eah
12

Huwéng dan: Dé dang lap duoc phuong trinh Parabol 1a y = —12 x> +h. Vay
a

al2
S = j(—ﬂzx%h)dx ~Han.
L a 12

P)

- Toan 1ng dung
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Vi du 1: Mot vat dang chuyén dong déu véi van téc 30m/ s thi chuyén dong cham dan déu
véi gia tdc —70m/ s*. Hai tir ldc giam t&c dén khi ding han thi vat di chuyén dwoc quang
duong bao xa?

Pép an: V(t):30—70t:>V(t)=O<:>t=§

3

;
Do dé quang duong di duocla: S = I(30 —70t)dt = ? m.
0

Vidu 2:Vat A chuyén dong déu tir D véi van téc 30m/ s duoc 10s thi chuyén ddng cham
dan véi gia tdc —10m/ s*. Sau khi vat A khoi hanh dwoc 8s thi vat B bat dau xuat phat cung
chiéu tir D nhanh dan déu véi gia tdc 50m/ s*. Hoi sau bao 1au ké tix ldc B khéi hanh hai vat
gap nhau? Khi gdp nhau thi vat A da ding lai chua?

Huéng dan: Goi t = 0 1a khi vat B khoi hanh va hai vat gép nhau sau t, > 0. Khi d6 vat A chuyén

dong déu trong 2(s) va cham dan déu trong (to — 2) (s) néut,>?2

- Xét vat A:

Vat A chuyén dong thanh 2 chang: chang 1 la chuyén dong déu vdi van téc 30m/ s trong 10s,

quang duong chang nay la ]930dt =300(m). Chang thit 2 1a chuyén dong cham dan déu véi thoi
0

gian t,—2 cho dén khi gap B, quang duong ma A di chuyén dwgc ¢ ching nay la

ty-2

I (—10t +30)dt =-5(t, - 2)2 +30(t, —2)). Vay tong quang dudong ma vat A di duoc tir D dén

0

khi gap nhau 1a —5(t, —2)” +30(t, —2)) +300.

- Xét vat B: Vi vat B chuyén dong nhanh déan véi gia tdc 50m/ s? nén van toc cua B 1a
v(t) =50t +C . Vi lic bat dau khoi hanh B ¢6 van t6c bang 0 nén C =0. Vay tir D dén khi gap

)
A, vat B di duoc [50tdt = 25¢] .
0

Hai vat gdp nhau khi quang dwong di duoc nhu nhau:

Truong hop 1: Gap nhau khi t, < 2, ltic nay vat A van dang chuyén dong déu, tuong duong véi

phuong trinh:
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t
) ? ) t, =3.756 > 2 o . i
25t = 30x8+I30dt < 25t; -30t, -240=0 < . Ca 2 gia tri nay khong thoa
9 t, =—2.556 <0

man.
Truong hop 2: Gap nhau khi t; > 2, ta ¢ phuong trinh

25t = —5(t, —2)* +30(t, — 2) + 300 <> x = 3.66666 = % . Vay hai vat thé gap nhau sau 3.666 (s)

ké tir khi vat B khéi hanh.
- Vat A dung lai khi v(t) =0 <> —10t + 30 =0 <>t = 3(s) k& tir khi bat A bat dau chuyén dong

cham dan déu, twong duong vdi 5(s) ké tir khi vat B chuyén dong. Vay khi hai vat gdp nhau,
vat A van chua diing lai do 5> 3.6666.

Vi du 3: Mot 6 to bat dau chuyén dong nhanh dan déu véi van toc v, (t) = 7t (m/ s) . Di duwoc
5(s) nguoi 14i xe gap chudng ngai vat nén phai phanh gdp cho xe chay cham dan déu véi gia

t6c —70 (m/s?). Tinh quang duong di duoc ctia o to ti Iic chuyén banh dén khi diing han.

5
Dap an: Quang duong vat di duoc trong 5s dau tiénla: S, = I 7tdt = % m
0

Tt thoi diém 5s van t6c ctia vat tinh theo cong thie: v(t) =35-70t(m/s) = v(t) =0 <=t =0,5s

05
Quang duong oto di dwoc tir thoi diém 5s cho téi khi ding han 1a: S, = I 35-70tdt = 375 m
0

Vay quang duong di duoc ctia o to tir ltic chuyén banh dén khi ditng han la:
S=S, +S,=96,25m.

Vi du 4: Mot vat chuyén dong vi van tdc thay doi theo thoi gian v(t) =3t + 2 (m/s). Hoi tai
thoi diém t =30 (s) thi vat da di dwgc quang duwong bao nhiéu?

30
Dap 4n: § = [ 3t +2dt =1410m.
0

Vi du 5: Mot vat dang chuyén dong véi van tdc 10 (m/s) thi tang toc véi gia tdc a(t) =t +t (
m/s?). Hoi sau 10 (s) ké tir thoi diém ting toc, vat da di chuyén duwoc quang duong bao
nhiéu?
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10
Péap an: S = I(10+t2 +1)dt =@m
0

Vi du 6: Mot vat dang chuyén dong véi van téc 10 (m/s) thi giam toc voi gia tdc
a(t) =4-t (m/s?). Tinh quang vat di duoc khi thay ddi chuyén dong dén khi vat tdc dat gia

tri 16n nhat?

2
Dép én: Taco V() =10+ (4-t)t=v(it)max <t=2 =S =IlO+(4—t)tdt =7—;m
0

4000
1+0,5¢

dam vi trung ¢ 250.000 con. Sau 10 ngay s6 lwong vi trung la (1ay xap xi hang don vi).

Vi du 7: Mot dam vi trung ngay thit ¢ ¢6 s8 lwong la v ¢ . Biétrang N' ¢ = va lac dau

4000
1+0,5t

dt ~ 264334 con.

10
Dép an : N(10) = 250000 + j
0

Vi du 8: Mot thung ruou c6 ban kinh cac day la 30cm, thiét dién vuong goc voi truc va cach
déu hai day c6 ban kinh 1a 40cm, chiéu cao thuing rweou 1a Im (hinh vé). Biét rang mat phang
chtta truc va cat mat xung quanh thiing ruou la cdc duodng parabol, hoi thé tich ctia thting
regu (don vi lit) xap xi bao nhiéu?

1m

Dép an: Gan hé truc Oxy sao cho O 1a tam day dudi, truc Ox huedng 1én va vudng gdéc véi mp
day, truc Oy nam trén mp day va vuong goc Ox.
Cac duong xung quanh thung ruou la cac dwong parabol.

Goi duong parabol do co' dang: y =ax” +bx+c
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Theo bai ra ta co duong parabol nay s€ di qua cac diém (O; 0,3),(0,5;0,4),(1;0,3)

Suy ra: —_—2x2+zx+i
T
Thé tich thung rrou chinh la'th€ tich hinh phang gioi han boi dwong thang
y=—2x 2xe 2 x=0x=1
5 5 10

2
2 3) —&(m3)z425,2(l)

1
:>V=ﬂf R N
A 5 10 1500

Vi du 9: Mot Chi doan thanh nién di du trai 6 mét don vi ban, ho dy dinh dung mot [éu trai co
dang parabol (nhin ttr mat trudc, [éu trai dwgc cang th:fmg tte tredc ra sau, mat sau trai cing la
parabol co kich thudc giong nhu mat trudc) véi kich thuwde: nén trai la mot hinh ch nhat c6
chiéu rong la 3 mét, chiéu sau la 6 mét, dinh ctia parabol cach mat datla 3 mét. Hay tinh thé
tich phan khong gian phia trong trai theo m®.

Dép an: Gan hé truc Oxy nhu hinh vé.
. \ 2 . 7 PN 5 3 . 3 .
Goi pt parabol la y =ax” +bx+c, di qua cac diem A(0;3),B —E,O ,C| =:0

suy ra y=—%x2+3

-3/ 3/2

x*+3dx=6.

N | WO

wlpH

Dién tich parabolla: S =

N w

Vay thé tich phan khéng gian phia trong trai la: V =6.5 =36m°
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Vi du 10: Tinh thé tich lwong dau con lai trong thung?

N

JEN

du con lai
nap hit déu

Dép an: Gan hé truc Oxy nhu hinh vé.

Phuong trinh cung tron la: X* + (y+0,5)° =1= y =-0,5++/1-X?

Do ban kinh duong tron la 1 nén B(—? X O),C(?;OJ

0,5

-0,5

—0.5+1— xdx_g V3

Dién tich cung tronla: S = 1

&= &

|

Do d6 thé tich phan chita dau la: V = 7.1°.5-5.5 =

lO7r 5\/_
3
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4. SO PHUC

a. Diém biéu dién s8 phitc

Vi dy 1: Cho s8 phtic z théa man : |z|= va diém A trong hinh vé 1a mot diém biéu dién s

SN

phtic z. Hoi diém bi€u dien s6 phitc W = — la diém nao
1Z

uhk
Q0

-
A.Diém Q B. biém M C.biém N D.Dbiém P
Huéng dan :

1

Céch1:C6 |w|= " V2 =|w|=2|z|, do d6 khoang cach tir diém bidu dién dén géc toa do
yA
, . ‘L —iz _-ai-b AT A
cua W daigap2 OA .Matkhéac, w= | |2 = | |2 nén W cd ca phan thyc va phan 4o am
YA YA

nén P 1a diém hoa man.

Cach 2 : 1dy dai mot sO phirc Z ma c6 phan thyce va phan ao duong, roi tinh W dé tim dau cua
phan thuc, phan ao W.

Vi dy 2: S8 phttc z duwgc biéu dién boi diém M. Hoi s8 phtic 2z duoc bidu dién boi diém nao
trong cac diem N, P, Q, R.
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M

L |

Dép s6: N

Huéng dan: SG phiic 2z biéu dién boi vec to bang 20M nén N 1a diém thoa man.

Vi du 3: Cho s0 phtec z ¢6 |Z| =2 duoc bidu dién boi diém M. Diém biéu dién s phiicc W =

dugc biéu dién boi diém nao trong cac diém A, B, C, D?

Ay
M
¢ A~
"\\_\H ..f__,o' s
o P
_f"‘#ﬁ B
-
Dr__f"
Dép s6: B
, x , 1 1 1 I 1
Huong dan: Co |W| = m = |W| =5 = |W| = Z|Z| .Do d6 B la diém can tim do OB = ZOM .

Chu y: chtng ta c6 thé kiém tra dwgc chi tiét hon nita vé ddu cua phan thue, phan ao cia W

Vi du 4: Cho s8 phtc z thay ddi, luon c6 |z|=2. Khi d6 tap hop diém biéu dién sS phirc
w=(1-2i)Z+3i la:

A. Buong tron x? +(y —3)2 = 2\/§. B. Buong tron X% + ( y+ 3)2 = 20.

C. Buong tron X% + ( y —3)2 =20. D. Puong tron (X —3)2 +y= 2\/§.
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Huéng dan: Co 1ap z hodc 7 sang mot vé& duoc: W—3i = (1—2i)Z . Sau d6 1dy md dun hai v&
ta duoc |w—3i|=[1-2i||z| = 2./5. Vay quy tich diém biéu dién W 1a dwong tron tam 1(0;3)
ban kinh R=2+/5. Vay phuong trinh duong tron 1a x* + (y- 3)2 = 20.

Vi du 5: Cho s6 phtic z théa man diéu kién |z| =3. Biét rang tap hop tét ca cac diém bicu dién
s8 phitc W=3-2i+(2—1i)z 1a mot duong tron. Hay tinh bén kinh cta dwdng tron dé.

A.32. B.3.5. C.3.3. D.3./7.
Huéng din: C6 lap z sang modt vé&, roi ldy md dun hai v& ta c&: W—3+2i=(2-i)z
= |w—3+2i|= \/§|Z| = |w—3+2i|= 3.5. Vay tap hop biéu dién W 1a duwong tron tam |(3;-2)
ban kinh R =3V5.

Vi dy 6: Trong mit phang phtic, Cho s8 phuc z théa man |z -3+ 4i|=2va w=2z+i-1 .Tap

hop biéu dién s& phitc w 1a duwong tron cé tdm I, ban kinh R. Tim toa d¢o tdm I va ban kinh R.

A 1(3-4),R=2 B. I(5-7),R=4 C.1(4-5),R=4 D.I(7;-9),R=4

Huéng din: Taco W=2z+i-1=>W+1-i=2z2 =>w+1-i+2(-3+4i) =2(z-3+4i)
= W-5+7i=2(z-3+4i) . Ldy md dun 2 v&ta dwoc |W —5+7i| = 2|z -3+ 4|

=|w-5+7i|=4 . Vay tap hop diém biéu dién W la duong tron tam |(5;—7) ban kinh R =4.

Vidu 7: Cho s8 phtc z thda man diéu kién |z —3+4i| < 2. Trong mat phéng Oxy tap hop diém
biéu dién s6 phitc W= 2z +1—i 1a hinh tron c6 dién tich:

A.S=9r. B. S=12r. C. S=16r. D. S=25r.
Huéng din: Ta 6 W=2z+1-i=>w-1+i=2z2 =w-1+i+2(-3+4i) =2(z-3+4i)
=wW-7+9i :2(2—3+4i) . Ldy moé dun 2 v€ ta dugc |W—7+9i|:2|2—3+4i|
=|w—7+9i|<4 . Vay tap hop diém biéu dién W la hinh tron tam 1(7;-9) ban kinh R=4.
Vay S=167x.

J10

Vi du 8: Cho thoa man z € C thoa man (2 + i)|Z| = ——+1-2i.Biét tap hop cac diém biéu dién
Z

cho s8 phttc W=(3—4i)z—1+2i 1a duong tron |, ban kinh R. Khi do.
A. 1(-L-2),R=A/5. B. 1(32),R=15. C. 1(-L2),R=5. D.I(4-2),R=5.
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J10

Huéng dan: Tir (2+1)|z| :T+1—2i = (2+i)|z]z =J10 +(1-2i)z = z(2|z|—1+(|z|+2)i)

=10 . Loy mo dunZVé'duch|Z|\/(2|Z|—1)2+(|Z|+2)2 =10 =2],[5(|2[ +1) =10
S\l +1=2 =2 +]zf —2=0= |7 =1.

Tir W=(3-4i)z-1+2i = w+1-2i=(3-4i)z |w+1-2i|=5|z|=5. Vay tap hop diém biéu
dién W 1a duong tron tm 1(~1;2) ban kinh R=5.

b. Téng bic cao ciia s6 phitc

Vi du 1: Goi Z,,2, 1 hai nghiém cta phwong trinh phiec 3z° —4z+3=0 véi z, c6 phan 4o am.
, 2017 _,2016
Tinh P=27".7,

Daép so: P:g+§i
3 3

i x 2016 . y
Huéng dan: P =2"".2;"° =(2,2,)" .z, =7, vitheo Viet 2,7, =1

Vi du 2: Goi Z,,2, 1a hai nghiém cta phwong trinh phttcc 22 —22+4=0. Tinh P =2

2017 2017
1 + ZZ

22017

Dép s6: P =
Huéng dan: 7,7, =1+/3i =2 =2} =-8 . Vay P =8"?(z,+2,) =8"22=2"

Vi dy 3: Tim phan phan o cta s§ phiee sau: 1+(1+i)+(1+ i)2 +(1+ i)3 +o+ (14 i)200

A.-2°-1 B.2Y-1 C.-2'4+1 D.2°+1

Daép so:

(1+i)" -1

Huéng dan: Diing cdng thitc tdng n s& hang dau cta cdp s6 nhan. S, =u, _
|

100

()T -1 @i (2i)T -1 2°0(1+i)-1
i i - i

(1+i)° =2i

=2°(1-i)+i =2 +(-2°+1)i .Chuy:

Vi dy 4: M6 dun ctia s8 phiee z =1+(1-i)+(1- i)2 +(1—i)3 +ot(1- i)19 bang:

A.|7|=20 B.|7]=2"+1 C.lz7=1 D.|z]=2"-1
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L-i)® -1

Huwéng dan: Dat g =1-i thi c6 thé 4p dung tong cdp s6 nhan ta cd z =
—I

=\10 10
:(‘2')i -1 _—2 i_l —(-1-2°)i =>|7=2°+1

Vidu5: Tinh S=i+2i%+3i+...+2017i®
bap s6: S =1008-+1009i

Huoéng dan: C6 iS =i® +2i° +3i* +...+ 2016i**" + 2017i**® = S —iS

2017
2 1P 20172 =i 11—2017i2°18 —i-2017.(~1) =2017+i . Vay
I_
S = 20117i+' —1008-+1009i .

c. GTLN - GTNN ctia m6 dun s6 phirc
Vi du 1: Cho s phtic z thoa man:|z +i+1| = ‘E — Zi‘. Tim gi4 tri nho nhat cta 2|
1
béap s6: ——=
T

Huéng dan: Goi z=X+yi va M la diém biéu dién z. Thi gia thit |z +i+1 =[z - 2i| <

(X+1)2 +(y+1)2 =X’ +(y+2)2 < X—y—1=0 (d). Vay M chay trén duong thang (d). C6
1
N

Vi du 2: Cho s8 phtic z thoa man:|z —3+ 4i| = 4. Tim gi4 tri nho nhat cta ||

|Z/=0OM nén min|z|=minOM =d(O,d) =

bapso: 1

Huéng dan: Goi M 1a diém biéu dién z thi giai thiét |z -3+ 4i| =4 < M thudc dudng tron
tam 1(3;—4) ban kinh R =4.Matkhéc |z2/=OM nén |z| nhé nhat khi OM nho nhat. Vay
minOM =0l -R =5-4=1

Vi du 3: Cho hai s8 phtic 7, z, thoa man |z, +5| =5, |z, +1-3i| =|z, —3—6i|. Tim gid tri nho

nhat cua |Z1 - 22|

5
Pap so: —
POty
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Huéng dan: Goi M, N biéu dién 7,7, ta co:
M thudc dwong tron tam |(—5;0) ban kinh R =5. N thudc dwong trung truc (d) cia AB véi
A(-13) va B(3;6). Dé viét duoc phuong trinh (d) la: 4(x—1)+ 3[ y— %J =0. Vay MN nho

nhétbing d(I,(d))—R :%-5:%.

Vi du 4: Xét s6 phiec Z # 0 thoa man z+/3z2.2+1 =|z|(2+6iz) . Ménh dé nao sau day dung?
Aol B. lopg<l. c. Lejg<t. D.[7<t.

4 3 3 2 2 4
Huéng dan: Co 1ap z délay duoc md dun 2 v&. Tir d6 tinh duoc |z|. Cu thé, phuong trinh
twong duong voi Z,/3|Z|2 +1=|z|(2+6iz) < 2(1/3|Z|2+1—6|Z|i):2|2| .Lay mo6 dun 2 vé€'ta
duge |2|y3[2f +1+36[2 =2J2| <[z =—=

J13

Vi du 5 Cho s8 phtic z thoa man |z —3—4i| = J5.Goi M va m Ian luot 1a gia trin 16n nhat va gi4

tri nho nhat ctia béu thirc P =z + 2|2 ~|lz- i|2 .Tinh modun ctia s& phttc W= M +mi

A. |w|=24/314 B. |w| = 24/309 C. |w|=+1258 D. |w| =3+137

Huwdng dan: Biéu thic P = |Z + 2|2 —|Z — i|2 <> ax+by+c—P =0 (d). Puong thang (d) ¢6 diém
chung véi duong tron |z —3—4i| = J5 <d(l,d)<R ©m<P<M

Vi du 6: Trong cac s6 phtic z thdéa man ‘Z +(2+ 4i)‘ =2, goi Z, va Z, la sd phttc c6 modun 16n
nhat va nho nhat. Téng phan ao ctia z, va z, bang:
A. 8i. B. 4. C. 8. D. 8.

Huéng din: Goi M 1a diém biéu dién s6 phtic z thi gia thiét

z+(2+4i)|=2 chota M chay
trén duong tron tam |(—2;—4) ban kinh R =2. Do d6, OM 16n nhét va nhé nhat tai giao

diém cua Ol véi duwong tron. Phuong trinh duwong Ol : y =2x hay X = % y . Thé vao phuong

Trang 81



ThS. Luc Tri Tuyén — Béi dudng KT va LTPH — Cau Gidy — Ho Tung Mdu PT: 0972177717

2
trinh dwong tron ta dwoc (%+2) +(y+4)2:4 <:>(y+4)2:% =% +8y+16—?:0.

Theo dinh ly Viet c6 Y, + Y, =—8. Vay tong phan ao ctia z, va z, bang —8.

Vi du 7: Cho sO phtic z thoa man diéu kién |Z—1|=\/§. Tim gia tri 16n nhat caa

=|z+i|+|z—2-i].
A. maxT :8\/5. B. maxT =4. C. maxT :4\/5. D. maxT =8.

Huwéng dan: Goi I 1a tam dudng tron |2-1=+/2 thi 1(L0). Biéu thie T hiéu duéi dang

T =MA+MB thi A(0;-1) va B(2;1) nénIla trung di€m ctia AB. Theo cong thitc trung tuyén:

MA? + MB*  AB?
- _

Bunhiakovski (MA+MB)® <2(MA® + MB?) tim duoc gi4 tri 16n nhét cia T = MA+ MB bang

4.

MI? =

= MA? + MB* =8> 0 (khéng ddi). Ap dung bat ding thitc

2z-1
2+1z

Vi du 8: Cho s3 phtic z thoa man |z|<1. Dt A= . Ménh dé nao duéi day ding?
A |A|<§. &§<|A|<; c. A>3, D. |[A> 6

x 2A 1
Huwoéng dan: Rat z theo A dwoc 2= 3 al

=[2A+1<|2-Ai| . Goi A=x+Yi ta duoc:

= [2A+1<|2- Ai| Iéphu’ongtr‘mhh‘mhtr‘on dang (2X+1) +4y° S(y+2) +X°

17
X+ Y2 +— 4 X—ﬂy 1<0 tam | —z 2 , R =£ . Bai toan tré thanh bai toan tim GTLN,
3° 3 3’3 3
GTNNcta T = |A| v6i diém bi€u dién A nam trong hinh tron nén [I0—R|<|A|< 10 +R
J_ 17 + 2\/_

&= < | A<

Vi du 9: Cho s8 phuc z, tim gia tri on nhat cua |z| biét ring z thoa man diéu kién
2731, =1
3-2i

A.3. B.2 C.1. D. /2.
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—2-3i

Huéng dan: Gia thiét

z+4:1<:>|—iz+14:1 =5

z+ii‘:1 < |z+i|=1. Do @6, néu

goi M 1a diém biéu dién z thi M thudc duong tron tam 1(0;—1) ban kinh R=1. Vay
max|z|=maxOM =Ol +R =1+1=2.

Vi dy 10: Cho hai s8 phtic z,, Z, thoa man |z, +4-3i[=2 va |z, + 2-3i| =]z, -1+ 2i|. Tim
GTNN cta P =|z, -z,
Dap s6: min P 23—2

N7
Huwéng dan: Goi M, N biéu dién 7,2z, ta cé: M thudc dwong tron tam | (—4;3) ban kinh R =2
. N thudc duong trung truc (d) caia AB v6i A(-2;3) va B(L;,—2). Dé viét duwoc phuong trinh
trung tryee ctia AB la: 3(X + %j —S(y —%) =0. Vay MN nho nhat bang d(lI,(d))—-R

-2 5

\34
Vi du 11: Biét rang s phtic z thoa man U = (z+3— i)(z+1+3i) 1a mot 6 thuc. Tim gia tri nho
nhat cta |Z|

Daép so: 2\/5

Huéng dan: Goi z=X+Yi, tacd (2+3—1)(Z+1+3i) =((x+3)+(y -Di)x ((x+1) +(-y +3)i).
Tich nay c6 phén ao la (x+3)(—y+3)+(y—1)(x+1) . Phan 4o bang 0

< 3Xx-3y+9-x+y—-1=0 < x—y+4=0 (d). Vay néu goi M la diém biéu dién z thi M chay
trén duong thang (d).

Goi O(0;0) 1a diém bicu dién 0 thi T =OM . Gid tri T nho nhat bang khoang cach tir O dén (d).

Vay minT :ﬂ=2\/§.

NG

4i
Z+—

Vi du 12: Cho s6 phtrc z thoa man
Z

=2.Goi M va m lan luot la gia tri 16n nhat va nho

nhat cta | z|. Tinh M +m?

A. 24/5. B. 2. C. /5. D. 13.
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Huéng dan: Ap dung bat dang thic: H21| —|22” <|z,+z,|. Dau “=" xay rakhi z, =kz, véi k <0.

4i
Z+—
z

<

4 |z|2—2|z|—430
Ta co: =2 :>—2£|Z|——<2:>

4
|z|- 2]~ 2
|z|" +2|z|+4>0

2

. Giai hé bat phuong trinh

nay duoc —1++/5 < 7| <1+ /5 . Do bét déng thitc dénh gia 1 14n nén dam bao du bing xay
ra. Vay M +m=2J§.

J 7 A - A 2 ~ \ 1 1 1 - A,
Vi du 13: Cho 3 s6 phtec Z,,2,,Z, phan biét thoa man |z, | z,|= z,|=3 va —+—=—. Biét
Zl ZZ 23

Z,,2,,2; lan luwot dugc biéu dién boi cac diém A, B,C trén mit phéng phtee. Tinh géc ACB?

A. 60° B. 90° C. 150° D. 120°.

Huwdng dan: Goi A, B, C Ian luot 1a cac diém biéu dién z,2,,2, thi A,B,C nam trong duong
N - 5 . 11 1z oz, 1z,
tron tam O ban kinh 3 (khong quan trong ban kinh). Tt —+—=— = —5 > =—
4.5 Loz [ [z

—=2,+2,=12,,hay OA+OB'=0C" (v6i A’, B, C’ a diém d&i xting ctia A, B, C qua Ox).

Cé A’, B, C’ cung thudc duong tron O ma OA'+OB'=0C' nén OA’C’B’ la hinh binh hanh va
do d6 1a hinh thoi. Ma duong chéo OC’ bang canh hinh thoi nén day la hinh thoi dac biét véi
A'C'B'=120° . Vay ACB=120°

Vi du 14: Cho s8 phttc z thoa man diéu kién |z +1- 2i|+|z -1+ 2i|=6. Tim GTLN, GTNN cua
P=[

Huéng dan: Taco z, =0; z, =-1+2i; z, =1-2i.Nén 20:21222 .
Tinh a=6/2=3,’ 20:|Zl_22|:2\/§ :>C:\/§ -Véycéngayb: aZ_bZ —2.
Vay maxP =3 va minP=2.

Vi dy 15: Cho s8 phiic z thoa man diéu kién |z +2|+|2—2|=6. Tim GTLN, GTNN ctia
P=|z-1+i

Dép s6: Dang cho baAm may... (bai nay mang tinh chat gidi thiéu)

Huéng dan: |2+ 2|+|z — 2| =6 1a phuong trinh Elip dang chinh ticvéi a=3, c=2 = b= J5

Trang 84



ThS. Luc Tri Tuyén — Béi dudng KT va LTPH — Cau Gidy — Ho Tung Mdu PT: 0972177717

2 2

Vay phuong trinh chinh tac cua Elip 1a: % + yg =l=>y= +— NG

Co P? =(x—1) +(y+1)° =(x-1)’ +(+—ﬂ+1} 12(%)

Bam TABLE trén may Casio trén doan [—3; 2] cho ca hai ham f, (X) tim dwoc GTLN, GTNN
ctia P?.

Vi du 16: Cho s0 phtrc z thoa méan diéu kién |(1+ )z+1- 2i| +|(1+ )z-1+ 2i| =25 . Tim
GTLN, GTNN cua P =|z|

J10

Dép s6: minP =0 va maxP=OF1=T.

4 A « A .2 o« A 7. 1 3 =
Huoéng dan: Diéu kién gia thiét tvong duong voi |z —=— =i+

1 3. V10
—+—=i|=+/10 a=—-
z+2+2|‘ J10 = 5

1 7
Twong tu Vi du 14 tinh duoc C = g . Vay day khong phai Elip ma la doan thang FF,. Ma O

J10

lai 14 trung diém cua FF,. Vay minP =0 va maxP =O0OF = —

Vi du 17: Cho 2 s6 phtc z,, Z, thoa man |Zl| = |22| va |Z1 - 22| =|22| . Tinh gia tri

2 2
Z, Z
DPép s6: 1

/4 X \ A2 7 7 A2 \ Z A A ~, [P 20 4N \ ~
Huoéng dan: Vibiéu thirc P chita 4n phu la z = — nén khong nhat thiét phai tim ting s
Z,

~ A \ \ 2 A N\ Z
Z,,Z, (thyc t€ khong tim duwoc) ma chi can tim .
ZZ

X +y*=1

Tt gia thiét ta co =1va

——1‘ 1.Goiz=
22

N|N
i\

A =X+ Vi, taco hé: )
Z, (x-1)"+y*=1

2

&

2

I\.)II—‘

Rat dé giai duoc hé phuong trinh nay, ta dwoc z =
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Vay P —{%iﬁisz{li@iJz =1

2 2 2

Vi dy 18: Trong céc cap s phtc z,, Z, thoa man |z, — (2+3i)Z,| =|z,|. Tim s8 thuc k >0 16n

nhat sao cho |z,|=k|z,|.
Dép s8: \13 +1

4 x v Z \ e 4 7. H n .7 c 17 A, 2
Huéng din: D4t z = —L. Bai toan twong duong véi |2 —2—3i|=1. Tim gi4 tri 1én nhat cia

22
P= |Z| . Dé dang giai duoc gia tri 16n nhat bfmg Ol +R= \/]3 +1, véilla tam duong tron
|Z —-2- 3i| =1.

Vi du 19: Cho s8 phttc z thoa man dieu kién 3|z + 2|+ 4|z —2|=10. Tim GTNN cua ||

DPép s6: 1

Huwéng dan:

Bai toan tro thanh 3MA+4MB =10, tim GTLN, GTNN cta OM . Trong d6, A(-2;0), B(2;0)

va O la gdc toa d9. Thdy rang O la trung diém ctia AB.

MA? + MB?  AB?
2 4

bunhiakovski, ta co: 100 = (3MA+4MB)’ <(3"+4°)(MA® + MB®) =25(MA’ + MB?) . Vay

. Ap dung BDT

Ap dung c6ng thirc dudng trung tuyén ta cé: OM? =

MA? + MB? > 4. Thay vao cong thtrc trung tuyén dwoc OM? >2-1=1. Vay OM >1. Do danh
gia BDT mot lan nén dam bao ddu “=” xay ra. Vay GTNN cua |z| bang 1.

Vi du 20: Cho s8 phitc z thoa man dieu kién 3|z +i|+ 4|z —-i|=10. Tim GINN cua ||
bap so: 1

Huéng dan: Ngoai cach dung cong thikc trung tuyén cé thé diing cong thikc sau

2, +2,f +|z, -2, :2(|zl|2+|22|2) =|z+if +|z—i’ =2(|z|2+1) .

Theo BPT Bunhia c6 100 = (3|2 +i|+ 4z} <25(|z+if" +[zi ) =100<50(|2" +1)

:>|z|221
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Vi dy 21: Cho hai s6 phtic z;,2, thod man |Zl - 22| =1,

z,+2,|=3.Tim GTLN ctia T =|z,|+|,|
Dép s6: max P =+/10

Huéng dan: Ap dung cong thic |z, +z,[ +]z, - 2,[ = 2(|zl|2 +|22|2) = |z[ +|z,| =5 . Ap
dung BDT Bunhia ta c6 T* = ([z,|+[z,)" <2(|z[" +[z[") =T?<10. vay maxP =10

Vi du 22: Cho hai s8 phtic z;,2, thod man |z, -7,/ =2, z,+ 7, =6+8i. Tim GTLN ctia
T =[z|+[z]

Daép so: maxP:\/m

Huéng dan: Tt z, + 2, = 6+8i = |z, + 2,|=10. Ap dung cong thirc

2 +2 +[z -2 =2(j3 +[2.]' )= 2(j2[ +|2,]')=104 . Ap dung BDT Bunhia ta o

T2 = (ja)+[2))" <2(|2[ +[2,[") =T*<104. Vay maxP =104
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